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Introduction
In the analysis of mixed boundary value problems, we often encounter pairs of dual
integral equation of the form.

(1.1) ki(x,u) A(u) du=4 (x),0<x <1

(1.2) ka(x, u) A (u) du=p(x), x >1

Ot 8 O =8

Where k; and k; are the Kernels defined over the whole x-u plane and the function
A (x) and pu(x) are defined on [0, 1] and (1, o) respectively.

Various problems of this type, have been considered by many authors taking the
kernels k; as Bessel functionJ ~(x) classical polynomials and generalised
hypergeometric functions like G and H etc.

Recently the classical polynomials have been generalised in different ways.

Hence, it is worth considering the solution of dual integral equations which
involve such generalised functions as Kernels.

In the present paper we propose to consider the following pair of dual integral
equations.

(1.3) ! (xy)"11 e ™ Er(xy;a,;k,;1) f(y)dy=h(x); 0 < x<I

(1.4) [ (xy) ™ E(xyia,ik,51) f(y)dy = g(x); 1< x<oo

0

where h(x) and g(x) are known, f(x) is to be determined, and F (x, a, k, p) are
gerneralised functions of Chatterjea [1], defined by Rodrigue’s Formula.
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T r d
r — -a px n atkn _ -px —
(1.5) F (x,a, k, p) x " e’ D [x e },D __dx

k, r, a and p are parameters.

To solve the equation (1.5) and (1.4) we shall use the theory of fractional
Integration operators and Mellin transform to reduce the pair of equations into a
single integral equation and finally we shall invert it.

Meéllin Transform and Fractional | ntegration Operatos
The Mellin transform f* (s) of a function f(x) is defined by relation [6].

o0

(2.1) f'(s) =M [f(x)] = I f(x) x*' dx,
0
where s=o+ir is a complex veriable.

The inverse Mellin transform of £*(s) is f(x) and is given by
* 1 otio
2.2 M (s) | =f(x) = — £ (s) x*ds,
(22) (@] =fo=—-] e

If k*(s) and f*(s) denote the Mellin transform of k(x) and f(x) respectively, then
[6]

(2.3) MDK (xy) £(y) dy:s}z k' (s) £ (1-s)
Thus from (2.3) we have
(2.4) TK (xy) f(y) dy = M_l[k*(s) £ (1-3) ;x}
0
_ L et Fa-9xSds
27l L

where L is the suitable counter.

Now take
(2.5) ki (x)=x""" e F (x,a;k; ;1), i =12
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then from Erdelyi [2]

5| snva o)

(2.6) k(s) = =

Hence by use of (2.4), (1.3) and (1.4) can be written as

f"(1-s) x°ds = h(x); 0 < x <1

1o ls (1(s-n+a1+k1n))
(2.7) 2rzi J; .

(s-n)
and
Lo 5| s, ) *
(2.8) ﬂ{ L o £7(1-s) x*ds = g(x); 1< x<o0

Fractional integral operators, that we shall use are, given below [3]

-ra+r-p-1
(2.9) (a;Binw(x))= rxT )I((Xr-vr)o"1 W ;
0
and
B o0
(2.10) R (@ ;B; 1; w(x)) = % Jorxnet v wivydv.,

For r=1, these operators reduce to those studied by Kober

Solution of the problem

We operate (2.8) by (2.10), choosing o = l (az-a;tkon-kin) and B =a;+k;n-n, so that
r

(2.8) changes to

Z1

(l(s-n+a +k ) a,tkn-n
r

I
! ! xS £ (1-g)ds = —%

2r7i { (sn)

(3.1)

1
(;(a2 2 +k2n-k1n))

J' (Vr_Xr)a-l V-B-ra+r-1 g(V) dV,
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Now, put

/-h(x), 0=x<1

2 +lpgnn

o
| (v ) P o) dv; 1 < x<en

(3.2) 1) = < = |

‘( ! (a,-a Hon-kimy) *
'

~

Then from (2.7), (3.1) and (3.2), we get.

27 (18)ds =t(x),

J‘ Is (£(3—11+al+k111))
R

3.3) [(s-11)

2rmi

L

again using (2.4) and (2.6), (3.5) becomes.

(3.4) [k, (xy) £ (v)dy = 1(x); 0< x <0

Thus the pair of dual integral equations (1.1) and (1.2) have been reduced to single
integral equation (3.4).

By Mellin transform, (3.3) can be written as

(3.5) K'(s) f(1-8) =T (s)
Is (l (s-n+a,+k,n))
(3.6) where K (s) = r

(s-n)
and T*(s) =is the Mellin transform of t(x)
Now replacing s by 1-s, in (3.5) we get
(3.7) f(s)=L"(s) T'(1-s)

(3.8) where L (s) = k*(i— 3 — (1-s-n)

(155) (- (1-s-nta, +kyn)
T

Now taking inverse Mellin transform of

(3.9) f0)=[ Lxy) t(y)dy
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Where
1 1
L0 (l,l)((—(l-n+a1+k1n),—)
— 5 r r
(3.10) L(x) sz1 X (1-n,1)
and we get
1 1.0 (l,l)(l(l-n+al+k1n),l)
= _ ’ T r
(3.11) f(x) r(j) H2’1 X (1n.1) t(y) |dy,

where t(y) is given by (3.2) and H; . are fox’s H- Function defined by, [5]

ptn,gtm
(3.12) o E?’El; ___________ E n+P’O;3n+P)) ——L JoexSds,
pTILq rrTTTTT m+q,” m+q Or

m,n (2,0 Jrrmmemmees ( n+p,an+p) 1 [ 0(s)x5ds,
p+n’q+m (bl’Bl) """""" ( m+q,Bm+q) OJL
m, n, p and q are non - negative integers;
& (= 1-reeeetrip) and B (j = 1o-eeeeeee m+q).

Thus we have proved the following.

381

Theorem: If f(x) is an unknown function satisfying (2.7) and (2.8), where h(x) and

g(x) are some known function, then is given by (3.11)
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