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Abstract 
 

In this paper, we are concerned with the following third – order boundary 
value problem: 
ሻݐᇱᇱᇱሺݑ  ൅  ݂൫ݐ, ,ሻݐሺݑ ,ሻݐᇱሺݑ ሻ൯ݐᇱᇱሺݑ ൌ  0, ݐ א ሾ0,1ሿ, 
ሺ0ሻݑ  ൌ 0, ᇱሺ0ሻݑ ൌ 0, ᇱሺ1ሻݑ ൌ  ,ᇱሺ߰ሻݑ߶ 

 
Where ݂: ሾ0,1ሿ ൈ ܴଷ ՜ ܴ is continuous, ߶ ൐ 0, 0 ൏  ߰ ൏ 1 such 

that ߶ ߰ ൏ 1. By using two pairs of lower and upper solutions method of 
Henderson and Thompson and Leray Schauder degree theory, the existence 
result of at least three solutions for the problem is given. 
 
Mathematics Subject Classification: 34B05, 34B99 
 
Keywords: Third–order boundary value problem, Leray-Schauder degree 
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Introduction  
In this paper, we deals with the multiplicity of solutions for the following third order 
boundary value problem  

ሻݐᇱᇱᇱሺݑ   ൅  ݂൫ݐ, ,ሻݐሺݑ ,ሻݐᇱሺݑ ሻ൯ݐᇱᇱሺݑ ൌ  0, ݐ א ሾ0,1ሿ  (1.1) 

ሺ0ሻݑ   ൌ 0, ሺ0ሻ′ݑ ൌ 0, ሺ1ሻ′ݑ ൌ  ሺ߰ሻ  (1.2)′ݑ߶ 
 
 Throughout this paper, we suppose that ߶ ൐ 0, 0 ൏  ߰ ൏ 1 such that ߶ ߰ ൏ 1 and 
݂: ሾ0,1ሿ ൈ ܴଷ ՜ ܴ is continuous. Here, we apply two pairs of lower and upper 
solutions method of Henderson and Thompson [4] to study the boundary value 
problem(1.1), (1.2). Under the condition that f(t,u,v,w) satisfies a Nagumo condition, 
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we obtain the existence of three solutions by use of Leray-Schauder degree theory.  
 
 
Notations and Definitions 
We shall use the classical spaces ܥሾ0,1ሿ, א ଵሾ0,1ሿ. For xܮ ଶሾ0,1ሿ andܥ  ଶሾ0,1ሿ, we useܥ
the norm ԡݔԡஶ ൌ :|ሻݐሺݔ|ሼݔܽ݉  ݐ א ሾ0,1ሿሽ and ԡݔԡ ൌ , ԡஶݔሼԡݔܽ݉ ԡݔᇱԡஶ , ԡݔᇱᇱԡஶ ሽ. 
We will use the Sobolev space ܹଷ,ଵሺ0,1ሻ which defined by  

ܹଷ,ଵሺ0,1ሻ ൌ  ሼݔ: ሾ0,1ሿ ՜ ܴ ⁄ݔ  , ݔ ′, ݔ ݔ ݄ݐ݅ݓሾ0,1ሿ ݊݋ ݏݑ݋ݑ݊݅ݐ݊݋ܿ ݕ݈݁ݐݑ݈݋ݏܾܽ ݁ݎܽ ′′ ′′′
א  .ଵሾ0,1ሿሽܮ

 
Definition 2.1 
A function ߩሺݐሻ א  ܹଷ,ଵሺ0,1ሻ is called a lower solution for the problem (1.1), (1.2) if  

ሻݐᇱᇱᇱሺߩ   ൅  ݂൫ݐ, ,ሻݐሺߩ ,ሻݐᇱሺߩ ሻ൯ݐᇱᇱሺߩ ൒  0, 0 ൏ ݐ ൏ 1  (2.1) 

ሺ0ሻߩ    ൑ 0, ሺ0ሻ′ߩ ൑ 0, ሺ1ሻ′ߩ ൑  ሺ߰ሻ  (2.2)′ߩ߶ 
 
 Similarly, a function ߪሺݐሻ א  ܹଷ,ଵሺ0,1ሻ is called an upper solution for the 
problem (1.1), (1.2) if  

ሻݐᇱᇱᇱሺߪ   ൅  ݂൫ݐ, ,ሻݐሺߪ ,ሻݐᇱሺߪ ሻ൯ݐᇱᇱሺߪ ൑  0, 0 ൏ ݐ ൏ 1  (2.3) 

ሺ0ሻߪ   ൒ 0, ߪ ′ሺ0ሻ ൒ 0, ߪ  ′ሺ1ሻ ൒ ߪ߶  ′ሺ߰ሻ  (2.4) 
 
Definition 2.2 let ߩ be a lower solution and ߪ upper solution for the problem (1.1), 
(1.2) satisfying ߩ ൑ ′ߩ and ߪ  ൑ ߪ  ′ on [0,1]. We say that f satisfies a Nagumo 
condition with respect to ߪ ݀݊ܽ ߩ, if there exists a function Ψ א ;ሺሾ0,∞ሻܥ ሺ0,∞ሻሻ 
such that  
   |fሺt, u, v, wሻ| ൑  Ψሺ|(2.5)  (|ݓ 
 
 For all ሺt, u, v, wሻ א ሾ0,1ሿ ൈ ሾߩሺݐሻ, ሻሿݐሺߪ ൈ ሾߩᇱሺݐሻ, ሻሿݐᇱሺߪ ൈ ܴ and 

׬   ௦
Ψሺ௦ሻ

∞
଴ ݏ݀ ൌ  ∞  (2.6) 

 
 ,we can give the Green’s function G(t,s) of the problem (1.1) ,ݐ݄ܽݐ ݎ݈ܽ݁ܿ ݏ݅ ݐܫ 
(1.2) since the boundary conditions satisfies 1 - ߶ ߰ > 0. 
 
 
Existence of Triple Solutions 
Theorem 3.1 Assume that  
There exists two lower solutions ߩଵ, ߩଶ and upper solutions ߪଵ, ߪଶ of the problem 
(1.1), (1.2) satisfying ߩଵ

′ ൑ ଶߩ
′ ൑ ଶߪ

ଵߩ ,′
′ ൑ ଵߪ

′ ൑ ଶߪ
ଶߩ ,′

′ ح ଵߪ
′ on [0,1] 

 Let f(t,u,v,w): ሾ0,1ሿ ൈ ܴଷ ՜ ܴ be a continuous function and non decreasing with 
respect to u, for ሺݐ, ,ݑ ,ݒ ሻݓ א ሾ0,1ሿ ൈ ሾߩଵሺݐሻ, ሻሿݐଶሺߪ ൈ ܴଶ; 
 F satisfies Nagumo condition with respect to ߩଵ ܽ݊݀ ߪଶ, the problem (1.1), (1.2) 
has at least three solutions ݑଵ,   ଷ satisfyingݑ ݀݊ܽ ଶݑ
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ଵߩ  ൑ ଵݑ ൑ ଵߩ ,ଵߪ
′ ൑ ଵݑ

′ ൑ ଵߪ
′ on [0,1] and ߩଶ ൑ ଶݑ ൑ ଶߩ ,ଶߪ

′ ൑ ଶݑ
′ ൑ ଶߪ

′ on [0,1], 
ଷݑ ح ଷݑ ,ଵߪ

′ ح ଵߪ
′ and ݑଷ خ ଷݑ ,ଶߩ 

′ خ ଶߩ 
′ on [0,1]. 

 
Proof: From assumption (iii), we can choose C > 0, such that  

׬    ௦
Ψሺ௦ሻ

௖
ఒ ݏ݀ ൌ  (3.1)  ߣ 

 
ߣ  ൌ  max௧אሾ଴,ଵሿ ଶߪ

′ሺݐሻ െ  min௧אሾ଴,ଵሿ ଵߩ
′ ሺݐሻ. Let ܮ ൌ max ቄฮߩଵ

′′ฮ
∞

, ฮߪଶ
′′ฮ

∞
, C,  .ቅ ߣ2

We define three auxiliary functions ଵ݂, ଶ݂ and ܨ: ሾ0,1ሿ ൈ ܴଷ ՜ ܴ as  

ଵ݂ሺݐ, ,ݑ ,ݒ ሻݓ ൌ ቐ
݂ሺݐ, ,ଶߪ ,ݒ ,ሻݓ ݑ ൐ ,ሻݐଶሺߪ  ݐ א ሾ0,1ሿ

݂ሺݐ, ,ݑ ,ݒ ,ሻݓ ሻݐଵሺߩ  ൑ ݑ ൑ ,ሻݐଶሺߪ ݐ א ሾ0,1ሿ
݂ሺt, ,ଵߩ v, wሻ, u ൏ ,ሻݐଵሺߩ  ݐ א ሾ0,1ሿ

  (3.2) 

ଶ݂ሺݐ, ,ݑ ,ݒ ሻݓ ൌ ቐ
ଵ݂ሺݐ, ,ݑ ଶߪ

′, ,ሻݓ ݒ ൐ ଶߪ 
′ሺݐሻ, ݐ א ሾ0,1ሿ

ଵ݂ሺݐ, ,ݑ ,ݒ ,ሻݓ ଵߩ
′ሺݐሻ ൑ ݒ ൑ ଶߪ

′ሺݐሻ, ݐ א ሾ0,1ሿ
ଵ݂ሺt, ,ݑ ଵߩ

′, wሻ, v ൏ ଵߩ
′ሺݐሻ, ݐ א ሾ0,1ሿ

  (3.3) 

,ݐሺܨ  ,ݑ ,ݒ ሻݓ ൌ ቐ ଶ݂

ଶ݂ሺݐ, ,ݑ ,ݒ ,ሻܮ ݓ ൐ ,ܮ  ݐ א ሾ0,1ሿ
ሺݐ, ,ݑ ,ݒ ,ሻݓ |ݓ| ൑ ,ܮ ݐ א ሾ0,1ሿ

ଶ݂ሺt, ,ݑ ,ݒ െLሻ, w ൏ െܮ, ݐ א ሾ0,1ሿ
  (3.4) 

 
 Thus F is continuous function on ሾ0,1ሿ ൈ ܴଷ, satisfying  
,ݐሺܨ|   ,ݑ ,ݒ |ሻݓ ൑ א for (t,u,v,w) ,ܯ ሾ0,1ሿ ൈ ܴଷ  (3.5) 
 
 Where constant M also satisfies M > ݉ܽݔሼԡ ߩଵԡ∞, ԡߪଶԡ∞ሽ. 
 Consider the modified problem 

ሻݐሺ′′′ݑ    ൅ ܨ  ቀݐ, ,ሻݐሺݑ ,ሻݐሺ′ݑ ሻቁݐሺ′′ݑ ൌ  0, ݐ א ሾ0,1ሿ  (3.6) 
 
 With the boundary condition (1.2). it suffices to show that problem (3.6) with the 
boundary condition (1.2) has at least three solutions ݑଵ,   ଷ satisfyingݑ ݀݊ܽ ଶݑ
ሻݐଵሺߩ   ൑ ௜ݑ ൑ ଵߩ ,ሻݐଶሺߪ

′ሺݐሻ ൑ ௜ݑ
′ሺݐሻ ൑ ଶߪ

′ሺݐሻ, ௜ݑ 
′′ሺݐሻ ൑ ݐ ,ܮ א ሾ0,1ሿ  (3.7) 

 
 Since F = f in the region, we divide the proof in to cases. 
 
Case I: First we show that ߩଵ

′ ൑ ′ݑ ൑ ଶߪ
′ on [0,1]. We only need to show ݑ′ ൑ ଶߪ

′ on 
[0,1]. Similarly, we can prove ߩଵ

′ ൑ ′ݑ on [0,1]. If ′ݑ ൑ ଶߪ
′ on [0,1] is not true, then 

there exists ݐ א ሾ0,1ሿ ݑ ݄ݐ݅ݓ′ ൐ ଶߪ
′. Now sot ߱ሺݐሻ ൌ ሻݐሺ′ݑ  െ ଶߪ

′ሺݐሻ, then ߱ሺݐ଴ሻ ൌ
maxሼݑ′ሺݐሻ െ ଶߪ

′ሺݐሻ: ݐ א ሾ0,1ሿሽ ൐ 0 for some ݐ଴ א ሾ0,1ሿ. 
 
Sub Case 1. If ݐ଴ ൌ 0, then ݑ′ሺ0ሻ ൑ ଶߪ

′ሺ0ሻ, from (2.4), we have the contradiction 
ଶߪ

′ሺ0ሻ ൒ 0 ൌ  .ሺ0ሻ′ݑ 
 
Sub Case 2. If ݐ଴ א ሾ0,1ሿ, we have ߱ሺݐ଴ሻ ൐ 0, ߱′ሺݐ଴ሻ ൌ 0, ߱′′ሺݐ଴ሻ ൑ 0. On the other 
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hand, ߱′′ሺݐ଴ሻ ൌ  െܨ ቀݐ଴, ,଴ሻݐሺݑ ,଴ሻݐሺ′ݑ ଴ሻቁݐሺ′′ݑ െ ଶߪ 
′′′ሺݐ଴ሻ = 

െ ଶ݂ ቀݐ଴, ,଴ሻݐሺݑ ,଴ሻݐሺ′ݑ ଶߪ
′′ሺݐ଴ሻቁ െ ߪଶ

′′′ሺݐ଴ሻ = െ ଵ݂ ቀݐ଴, ,଴ሻݐሺݑ ଶߪ
′ሺݐ଴ሻ, ଶߪ

′′ሺݐ଴ሻቁ െ
ଶߪ 

′′′ሺݐ଴ሻ. 
 
Step 1. If ݑሺݐ଴ሻ ൐   ଴ሻ, from the above inequality, one hasݐଶሺߪ
  ߱′′ሺݐ଴ሻ  ൌ െ ଵ݂ ቀݐ଴, ,଴ሻݐሺݑ ଶߪ

′ሺݐ଴ሻ, ଶߪ
′′ሺݐ଴ሻቁ െ ߪଶ

′′′ሺݐ଴ሻ 

   ൌ  െ ଵ݂ ቀݐ଴, ,଴ሻݐଶሺߪ ଶߪ
′ሺݐ଴ሻ, ଶߪ

′′ሺݐ଴ሻቁ െ ߪଶ
′′′ሺݐ଴ሻ > 0. 

 
Step 2. If ݑሺݐ଴ሻ ൑   ,଴ሻ, from the above inequality and (Υଶሻݐଶሺߪ
   ߱′′ሺݐ଴ሻ = െ ଵ݂ ቀݐ଴, ,଴ሻݐሺݑ ଶߪ

′ሺݐ଴ሻ, ଶߪ
′′ሺݐ଴ሻቁ െ ଶߪ 

′′′ሺݐ଴ሻ 

   = െ ଶ݂ ቀݐ଴, ,଴ሻݐଶሺߪ ଶߪ
′ሺݐ଴ሻ, ଶߪ

′′ሺݐ଴ሻቁ െ ଶߪ 
′′′ሺݐ଴ሻ > 0. This is a 

contradiction. 
 
Sub Case 3. If ݐ଴= 1, then ߱(1) > 0.  (3.8) 
 
 From (2.4), we have ߱(0) ൑ 0, thus there exists ߦ א ሾ0,1ሿ such that  
ݐ for all 0 < (ݐ)߱ and 0 = (ߦ)߱    א ሾߦ, 1ሿ. (3.9) 
 
 If ߦ א ሺ߰, 1ሻ, then there exists ݐଵ א ሺ0, ଵሻݐሻ such that ߱ሺߦ ൌ  max  ሼ߱ሺݐሻ: t א
ሺ0,  .ሻሽߦ
 From (1.2), (2.4) and (3.8), we have ߱ሺݐଵሻ  ൒  ߱ሺ߰ሻ ൌ ሺ߰ሻ′ݑ  ൑ ଶߪ

′ሺ߰ሻ 
   ൒ ଵ

థ
ሾݑ′ሺ1ሻ ൑ ଶߪ

′ሺ1ሻሿ = ଵ
థ

 ߱ሺ1ሻ > 0. 
 
 Moreover, ߱′ሺݐଵሻ  ൌ 0 ܽ݊݀ ߱′′ሺݐଵ ሻ ൑ 0. similar to the Sub case 2, we have 
contradiction.  
 If ߦ א ሺ0, ߰ሻ, then for all ݐ א ሾߦ, 1ሿ, we have that ߱ሺݐሻ  ൒  0. We consider the 
following two steps: Step(i) ߱′ሺݐሻ  ൒  0, ݐ א ሾߦ, 1ሿ; and Step(ii), there exists some 
ଶݐ א ሾߦ, 1ሿ such that ߱ሺݐଶሻ ൐ 0, ߱′ሺݐଶሻ ൌ 0, ߱′′ሺݐଶሻ ൑ 0. For step (i), similar to Sub 
Case( 2), we have ߱′′ሺݐሻ ൐ 0 or ߱ሺݐሻ ൐ 0, ߱′ሺݐଶሻ ൌ 0, ߱′′ሺݐሻ ൐ 0 for all ݐ א
ሾߦ, 1ሿ, which implies that the graph of ߱ is concave upward on 
ሾߦ, 1ሿ, ఠሺటሻ ݋ݏ݈ܽ ݀݊ܽ

ట
൏  னሺଵሻ

ଵ
. 

hand, we have ωሺ1ሻ ݎ݄݁ݐ݋ ݄݁ݐ ܱ݊  ൌ ሺ1ሻ′ݑ  െ ଶߪ
′ሺ1ሻ ൑  ߶ሾݑ′ሺ߰ሻ െ ଶߪ

′ሺ߰ሻሿ ൌ
 ߶ωሺ߰ሻ, 
 From 0 ൏  ߶ ൏ 1/ ߰, we obtain ఠሺటሻ

ట
൒  ωሺଵሻ

ଵ
. This is contradiction. 

 For step (i), similar to the argument of Sub Case (2), we have contradiction. Thus  
′ݑ ൑ ଶߪ

′ on [0,1], then ߩଵ
′ ൑ ′ݑ ൑ ଶߪ

′ on [0,1].Since ߩሺ0ሻ ൑ 0, ሺ0ሻߪ ൒ 0, by 
integrating the above inequalities on [0,t], we obtain ߩଵ ൑ ݑ  ൑  .ଶ on [0,1]ߪ
 We show that หݑ′′ห ൑  on [0,1]. If the assertion is not true, without loss of ܮ
generality, we suppose that there exist ݐ א ሾ0,1ሿ, satisfying ݑ′′ሺݐሻ ൐  attains its ܮ
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positive maximum over [0,1]. From mean value theorem and ߩଵ
′ ൑ ′ݑ ൑ ଶߪ

′ on [0,1], 
there exists ߠ א ሾ0,1ሿ, such that ݑ′′ሺߠሻ ൌ ሺ1ሻ′ݑ െ ሺ0ሻ′ݑ ൑ ߟ ൏ ሻݐሺ′′ݑ Since .ܮ א
ହሿݐ,ସݐ] ሾ0,1ሿ, then there exists intervalܥ ك ሾ0,1ሿ such that 
ସ,൯ݐ൫′′ݑ   ൌ ,ߟ  ହሻݐሺ′′ݑ  ൌ ,ܮ ߟ ൏ ሻݐሺ′′ݑ  ൏ ,ܮ  ݐ א ሺݐସ,ݐହሻ.  (3.10) 
 
 Thus from (2.5), we obtain หݑ′′′ሺݐሻห ൌ หܨሺݐ, ,ݑ ,′ݑ ሻห′′ݑ ൌ ห݂ሺݐ, ,ݑ ,′ݑ ሻห′′ݑ ൑ Ψ (ݑ′′ሻ, 

ݐ א ሺݐସ,ݐହሻ, then ቚ׬ ௨ᇲᇲሺ௧ሻ௨ᇲᇲᇲሺ௧ሻ
ஏ ሺ௨ᇲᇲሺ௧ሻሻ

௧ఱ
௧ర,

ቚݐ݀ ൑ ቚ׬ ௧ఱݐ݀ ሻݐᇱᇱሺݑ
௧ర

ቚ ൑  (3.11)  .ߟ 

 From (3.1), (3.10), we have ቚ׬ ௨ᇲᇲሺ௧ሻ௨ᇲᇲᇲሺ௧ሻ
ஏ ሺ௨ᇲᇲሺ௧ሻሻ

௧ఱ
௧ర,

ቚݐ݀ ൌ ቚ׬ ௅ݐ݀ ሻݐᇱᇱሺݑ
ఎ ቚ ൐  (3.12)  .ߟ 

 
 Then (3.11) contradicts (3.12). Thus หݑ′′ห ൑  on [0,1]. Thus x is the required ܮ
solution. 
 
Case II. We show that the problem (3.6) and (2) has at three solutions ݑଵ, ݑଶ, ܽ݊݀ ݑଷ.  
 Let Ω ൌ  ሼݑ א :ଶሾ0,1ሿܥ ԡݑԡ ൏ ܯܲ ൅  ሽ, Whereܮ
ܲ ൐ ݔܽ݉ ቄmax௧אሾ଴,ଵሿ ׬ ,ݐሺܩ| ሻ|ଵݏ

଴ ,ݏ݀ 1ቅ, G(t,s) is a Green’s function of the problem 

(1.1), (1.2). Define, ܵ: ሾ0,1ሿܥ ՜ ሻݐଶሾ0,1ሿ by ܵ߶ሺܥ ൌ ׬ ,ݐሺܩ ሻଵݏ
଴ ߶ሺݏሻ݀ݏ, For all 

߶ א ݐ ሾ0,1ሿ andܥ  א ሾ0,1ሿ. It is clear that S is completely continuous. Define 
:ܪ ሾ0,1ሿܥ ՜ ,ሻݐሻ = F(t, ߶ሺݐሺ߶ܪ ଶሾ0,1ሿ asܥ ߶′ሺݐሻ, ߶′′ሺݐሻ). 
 Then, ݑ א  ଶሾ0,1ሿ is a solution of the problem (3.6) and (2) if and only if (I-SH)ܥ
(u) = 0. For ݑ א Ωഥ , we have ܵܪሺݔሻ ൌ ׬  Gሺt, sሻଵ

଴ Fሺs, ,ሻݏሺݑ ,ሻݏሺ′ݑ  .ሻሻdsݏሺ′′ݑ
  ൑ ܯ ׬ ,ݐሺܩ ଵ ݏሻ݀ݏ

଴  < PM<PM+L 
 
 Clearly, ܵܪሺΩഥሻ ؿ Ω and SH is completely continuous. Then we have  
  degሺܫ െ ,ܪܵ ,ߗ 0ሻ ൌ  ݀݁݃ሺܫ,Ω, 0ሻ ൌ  1.  (3.13) 
 
 Let, Ωఘଶ ൌ  ൛ݑ א Ω: u′ ൐  ρଶ

′ on ሺ0,1ሻൟ, ߗఙଵ ൌ  ሼݑ א Ω: u′ ൐ ଵߪ 
′ on ሺ0,1ሻሽ. 

 Since ρଶ
′ ح ଵߪ

′, ρଶ
′ ൒ ଵߪ

′ ൐ െܮ and ߪଵ
′ ൑ ଶߪ

′ ൏   it follows that ,ܮ
Ωఘଶ ് ٕ ് ఙଵ,Ωఘଶ തതതതതതߗ  ת Ωഥఙభ ൌ ٕ, Ω Ωఘଶ ׫ ఙଵതതതതതതതതതതതതതത൘ߗ  ് 0.  

 But no solution on ∂Ωఘଶ ׫   ఙଵ. Thusߗ߲

degሺܫ െ ,ܪܵ ,ߗ 0ሻ ൌ  deg ൮ܫ െ ,ܪܵ  Ω
Ωఘଶ ׫ ఙଵതതതതതതതതതതതതതത൘ߗ , 0൲ ൅  degሺܫ െ ,ܪܵ ,ఙଵߗ 0ሻ  

 +deg൫ܫ െ ,ܪܵ ∂Ωఘଶ , 0൯. 
 If we prove that degሺܫ െ ,ܪܵ ,ఙଵߗ 0ሻ ൌ  deg൫ܫ െ , Ωఘଶ,ܪܵ 0൯ ൌ 1, 
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 Then deg ൮ܫ െ ,ܪܵ  Ω
Ωఘଶ ׫ ఙଵതതതതതതതതതതതതതത൘ߗ , 0൲ = -1 and hence there are solutions in 

Ωఘଶ , ఙଵ and  Ωߗ
Ωఘଶ ׫ ఙଵതതതതതതതതതതതതതത൘ߗ  respectively. We show that deg൫ܫ െ , Ωఘଶ,ܪܵ 0൯ ൌ 1. 

Therefore the proof that degሺܫ െ ,ܪܵ ,ఙଵߗ 0ሻ ൌ 1 is the same and hence omitted. 
Similar to the conditions of ଵ݂, we  

define ଵ݂
,ݐሺכ ,ݑ ,ݒ ሻݓ ൌ  ቐ

݂ሺݐ, ,ଶߪ ,ݒ ,ሻݓ ݑ ൐ ,ሻݐଶሺߪ ݐ א ሾ0,1ሿ;
݂ሺݐ, ,ݑ ,ݒ ,ሻݓ ρଶሺtሻ ൑ ݑ ൑ ,ሻݐଶሺߪ ݐ א ሾ0,1ሿ;

݂൫ݐ, ρଶ, ,ݒ ,൯ݓ ݑ ൏ ρଶሺtሻ, ݐ א ሾ0,1ሿ.
ቑ 

ଶ݂
,ݐሺכ ,ݑ ,ݒ ሻݓ ൌ  ൞

ଵ݂
,ݐሺכ u, ଶߪ

′ሺtሻ, ,ሻݓ ݒ ൐ ଶߪ
′ሺtሻ, ݐ א ሾ0,1ሿ;

ଵ݂
,ݐሺכ ,ݑ ,ݒ ,ሻݓ ρଶ

′ሺtሻ ൑ ݒ ൑ ଶߪ
′ሺݐሻ, ݐ א ሾ0,1ሿ;

ଵ݂
,ݐ൫כ u, ρଶ

′ሺtሻ, ,൯ݓ ݒ ൏ ρଶ
′ሺtሻ, ݐ א ሾ0,1ሿ.

ൢ 

 
 Now from I - SH /Ωఘଶ തതതതതത, we define its extension I - ܵכܪ:  Ωതതത ՜   .ଶሾ0,1ሿ as followsܥ

,ݐሺכܨ ,ݑ ,ݒ ሻݓ ൌ  ቐ
ଶ݂

,ݐሺכ ,ݑ ,ݒ ,ሻܮ ݓ ൐ ,ܮ ݐ א ሾ0,1ሿ;
ଶ݂

,ݐሺכ ,ݑ ,ݒ ,ሻݓ |ݓ| ൑ ,ܮ ݐ א ሾ0,1ሿ;
ଶ݂

,ݐሺכ ,ݑ ,ݒ െܮሻ, ݓ ൏ െܮ, ݐ א ሾ0,1ሿ.
ቑ  (3.14) 

 
 Thus כܨis a continuous function on ሾ0,1ሿ ൈ ܴଷ and satisfies 
,ݐሺכܨ|    ,ݑ ,ݒ |ሻݓ ൑  (3.15)  ,ܯ
 
 For all ሺݐ, ,ݑ ,ݒ ሻݓ א ሾ0,1ሿ ൈ ܴଷ, where M is given in (3.5). 
 
Define ܥ :כࡴଶሾ0,1ሿ  ՜ ܥሾ0,1ሿ as follows כܪ߶ሺݐሻ ൌ ,ሺtכܨ  ߶ሺݐሻ, ߶′ሺݐሻ, ߶′′ሺݐሻሻ. 
 Then, ݑ א ሻݑሻሺכܪଶሾ0,1ሿ is a solution of (I - Sܥ ൌ 0 if and only if u is a solution of  
ሻݐሺ′′′ݑ  ൅ ,ݐሺכܨ ,ݑ u′, ݑ′′ሻ = 0, ݐ א ሾ0,1ሿ  (3.16) 
 
 Similar to the above argument, it follows that u is a solution of (3.16) with (2) 
only if u א Ωఘଶ . Thus deg൫ܫ െ Ω\Ωఘଶ തതതതതത൯,כܪܵ ൌ 0. Similarly, we show that ܵכܪሺΩഥሻ 
ؿ Ω. Then we have, degሺܫ െ ,Ω,כܪܵ 0ሻ ൌ 1. Thus deg൫ܫ െ , Ωఘଶ,ܪܵ 0൯ ൌ
  deg൫ܫ െ , Ωఘଶ,כܪܵ 0൯ =  deg൫ܫ െ ,Ω\Ωఘଶ തതതതതത,כܪܵ 0൯ + deg൫ܫ െ , Ωఘଶ,כܪܵ 0൯ = 
degሺܫ െ ,Ω,כܪܵ 0ሻ ൌ 1. 
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