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Abstract 
 

In this paper Theorem 3.1 of Kubiaczyk and Sushil Sharma [5] is shown to 
hold even under weaker hypothesis (Theorem 2.2) and we obtain a fixed point 
theorem (Theorem 2.3) involving occasionally weakly compatible maps and 
also prove a coincidence point theorem (Theorem 2.4) for a pair of self maps 
under certain conditions. Examples are provided to show that the hypothesis in 
Theorems 2.3 and 2.4 can not be further weakend. 
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Introduction 
In this paper, we show that Theorem 3.1 of Kubiaczyk and Sushil Sharma [5] holds 
even if some hypothesis is dropped.  
 
Definition 1.1: [7] A function ܨ: ܴ ՜ ሾ0,1ሿ is called a distribution function if  

 ,is non-decreasing ܨ .1
 ,is left continuous ܨ .2
3. inf௫∈ ୖ ሻݔሺܨ ൌ 0  ܽ݊݀ sup௫∈ ୖ ሻݔሺܨ ൌ 1 
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Definition 1.2: [7] Let X be a non-empty set and ܨ: ܺ ൈ ܺ ՜ ु (The set of 
distribution functions). For, ,݌ ݍ א ܺ , we denote the image of the pair ሺ݌,  ௣,௤ܨ ሻ byݍ
which is a distribution function so that ܨ௣,௤ሺݔሻ א ሾ0,1ሿ, for every real ݔ. 
 Suppose ܨ satisfies: 

ሻݔ௣,௤ሺܨ .1  ൌ ൌ ݌ ݂݅ ݕ݈݊݋ ݀݊ܽ ݂݅ ሻݐሺܪ   ݍ 
௣,௤ ሺ0ሻܨ .2  ൌ  0 
ሻݔ௣,௤ ሺܨ .3  ൌ  ሻݔ௤,௣ሺܨ 
4. If ܨ௣,௤ ሺݔሻ ൌ 1 and ܨ௤,௥ ሺݕሻ ൌ 1 then ܨ௣,௥ሺݔ ൅ ሻݕ  ൌ 1  where ݌, ,ݍ ݎ א ܺ. 

 
 Then (X, F) is called a probabilistic metric space. 
 
Definition 1.3: [7] A triangular norm  ݐ ׷ ሾ0,1ሿ ੨ ሾ0,1ሿ  ՜ ሾ0,1ሿ is a function 
satisfying the following conditions 

,ߙሺݐ .1 1ሻ ൌ א ߙ ׊   ߙ ሾ0,1ሿ 
,ߙሺݐ .2 ሻߚ ൌ ,ߚሺݐ ,ߙ ׊    ሻߙ  ሾ0,1ሿ ߳ ߚ
,ߛሺݐ .3 ሻߜ ൒ ,ߙ ሺݐ ,ߙ ׊  ሻߚ ,ߚ ,ߛ ߛ ݄ݐ݅ݓ  ሾ0,1ሿ ߳ ߜ ൒ ߜ ݀݊ܽ ߙ ൒  ߚ
,ߙሺݐሺݐ  .4 ,ሻߚ ሻߛ ൌ ,ߙሺݐ ,ߚሺݐ ,ߙ ׊  ሻሻߛ ,ߚ א ߛ ሾ0,1ሿ 

 
Definition 1.4: [7] A Menger probabilistic metric space ሺܺ, ,ܨ  ,ሻ is an ordered triadݐ
where ݐ is a t-norm and (X, F) is probabilistic metric space satisfies the following: 
ݎ௫,௭ሺܨ ൅ ሻݏ ൒ ݐ  ቀܨ௫,௬ሺݎሻ, ,ݔ ׊  ሻቁݏ௬,௭ሺܨ ,ݕ ݖ א ,ݎ ݀݊ܽ  ܺ ݏ ൒ 0. 
 
Definition 1.5: [4] Two self mappings ݂ and ݃ of a probabilistic semi-metric space 
(X, F) are said to be Occasionally weakly compatible (owc) iff there is a point ݔ in X 
which is a coincidence point of ݂ and ݃ at which ݂ and ݃ commute. 
 
Definition 1.6: [6] Let ሺܺ, ,ܨ  ሻ is a Menger space with the continuous T-norm t. Aݐ
sequence ሼ݌௡ሽ in X is said to be convergent to a point ݌ א ܺ if for every ߝ ൐ 0 
and ߣ א ሺ0, 1ሻ, there exists an integer ܰ ൌ ܰሺߝ, ௡݌ ሻ such thatߣ א ܷ௣ሺߝ,  ሻ for allߣ
݊ ൒ ܰ, or equivalently, ܨ௣,௣೙ሺߝሻ ൐ 1 െ ݊ for all ,ߣ ൒ ܰ.  
 We write ݌௡ ՜ ݊ as ݌ ՜ ∞ or  lim୬ → ∞ ݌௡ ൌ  ݌
 
Definition 1.7: [2] Let ሺܺ, ,ܨ  ሻ be as Menger space such that the T-norm. t isݐ
continuous and S, T be mappings from X into itself. Then S and T are said to be 
compatible if lim୬ → ∞ ܨௌ்௫೙,்ௌ௫೙ሺݔሻ ൌ 1 for all ݔ ൐ 0, whenever ሼݔ௡ሽ is a sequence 
in X such that ݈݅݉୬ → ∞ ௡ ൌݔܵ ݈݅݉୬ → ∞ ௡ݔ ܶ ൌ ݖ for some ݖ א ܺ .  
 
Definition 1.8: [3] Two self mappings S and T are said to be weakly compatible if 
they commute at their coincidence points if ܶݑ ൌ ݑ for some ݑܵ א ܺ then     ܵܶݑ ൌ
 .ݑܵܶ
 
Definition 1.9: [1] Let S and T be two self mappings of a Menger space ሺܺ, ,ܨ  ሻ. Weݐ
say that S and T satisfy the property (E.A) if there exists a sequence ሼݔ௡ሽ in X 
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݈݅݉୬ → ∞ ௡ݔ ܵ ൌ ݈݅݉୬ → ∞ ௡ݔ ܶ ൌ ݖ for some ݖ א ܺ.  
 
 
Main Results 
The following Theorem is proved in [5]. 
Theorem 2.1 ([5], Theorem 3.1): Let (X, F, t) be a Menger space with ݐሺݔ, ሻݕ ൌ
ሼݔ, ,ݔ ׊  ሽݕ ݕ א ሾ0,1ሿ and S and T be weakly compatible mappings of X into itself 
such that S and T satisfy the property (E.A), there exists a number ݇ א ሺ0,1ሻ such that 
ሻݔ௨,்௩ሺ்݇ܨ   ൒ ݉݅݊൛ܨௌ௨,ௌ௩ሺݔሻ, ,ሻݔௌ௨,்௨ሺܨ ,ሻݔௌ௩,்௨ሺܨ,ሻݔௌ௩,்௩ሺܨ   {(ݔௌ௨,்௩ሺܨ
 
for all ݑ, ݒ א ܺ, 
  ܶሺܺሻ ؿ ܵሺܺሻ.  
 
 If S(X) or T(X) be a closed subset of X, then S and T have a unique common 
fixed point. 
 It can be shown that Theorem 2.1 holds even when condition (iii) is dropped.  
 This is the essence of the following theorem. 
 
Theorem 2.2: Let (X, F, t) be a Menger space with ݐሺݔ, ሻݕ ൌ ሼݔ, ,ݔ ׊  ሽݕ ݕ א ሾ0,1ሿ, S 
and T be weakly compatible mappings of X into itself such that 

1. S and T satisfy the property (E.A) 
2. there exists a number ݇ א ሺ0,1ሻ such that 

 
 
ሻݔ௨,்௩ሺ்݇ܨ  ൒ ݉݅݊൛ܨௌ௨,ௌ௩ሺݔሻ, ,ሻݔௌ௨,்௨ሺܨ ,ሻݔௌ௩,்௨ሺܨ,ሻݔௌ௩,்௩ሺܨ                             {(ݔௌ௨,்௩ሺܨ
 
for all ݑ, ݒ א ܺ and for ݔ ൐ 0. 
 If S(X) be a closed subset of X, then S and T have a unique common fixed point. 
 
Proof: Since S and T satisfy the property (E.A), there exists a sequence ሼݔ௡ሽ in X 
satisfying  ݈݅݉୬ → ∞ ௡ݔ ܵ ൌ ݈݅݉୬ → ∞ ௡ݔ ܶ ൌ ݖ for some ݖ א ܺ   
 Suppose that S(X) is closed.  
 Then ݈݅݉௡՜∞ ௡ ൌݔܵ ܵܽ for some ܽ א ܺ,  also lim௡՜∞ ௡ ൌݔܶ ܵܽ .  
 By condition (ii), for ݔ ൐ 0, we have 
ሻݔ௫೙,்௔ሺ்݇ܨ   ൒ min { ܨௌ௫೙,ௌ௔ሺݔሻ, ,ሻݔௌ௫೙,்௫೙ሺܨ ,ሻݔௌ௔,்௔ሺܨ ,ሻݔௌ௔,்௫೙ሺܨ  ሻሽݔௌ௫೙,்௔ሺܨ
 Letting ՜ ∞ , we get 
ሻݔௌ௔,்௔ሺ݇ܨ    ൒ ሻݔௌ௔,்௔ሺܨ  ൒  ሻݔௌ௔.்௔ሺ݇ܨ 
ሻݐௌ௔,்௔ሺܨ     ൌ א ݐ  ׊  ሻݔௌ௔,்௔ሺܨ  ሾ݇ݔ, ݔ ሿ forݔ ൐ 0. 
 
 Similarly, for any  ݐ א ሾ݇ଶݔ,              ,ሿݔ݇
ሻݐௌ௔,்௔ሺܨ   ൌ ሻݔௌ௔,்௔ሺ݇ܨ ൌ  ሻݔௌ௔,்௔ሺܨ 
 
 In general, we can prove that  
ሻݐ௦௔,்௔ሺܨ    ൌ א ݐ ׊ ሻݔௌ௔,்௔ሺܨ  ሾ ݇௡ݔ,  ሿݔ
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 Or equivalently, ܨ௦௔,்௔ሺݐሻ ൌ א ݐ ׊   ሻݔௌ௔,்௔ሺܨ  ቂݔ, ௫
௞೙ ቃ  for ݊ ൌ 1,2,3 …. 

 Hence  
ሻݔௌ௔,்௔ሺܨ    ൌ ݔ ׊  1 ൐ 0 
׵    ܶܽ ൌ ܵܽ. 
 
 Since S and T are weakly compatible ܵܶܽ ൌ ܶܵܽ. 
   ܶܶܽ ൌ  ܶܵܽ ൌ  ܵܶܽ ൌ ܵܵܽ   
 
 We prove that Ta is a common fixed point of T and S. 
 Consider, for ݔ ൐ 0,  
ሻݔ௔,்்௔ሺ்݇ܨ  ൒ min  ሼ ܨௌ௔,ௌ்௔ ሺݔሻ, ,ሻݔௌ௔,்௔ሺܨ ,ሻݔௌ்௔,்்௔ሺܨ ,ሻݐௌ்௔,்௔ሺܨ  ሻሽݔௌ௔,்்௔ሺܨ
 ൌ  ሻݔ௔,்்௔ሺ்ܨ
 Hence ்ܨ௔,்்௔ሺ݇ݔሻ  ൒  . ሻݔ௔,்்௔ሺ்ܨ 
 So that ்ܨ௔,்்௔ሺݐሻ ൌ א ݐ ׊ ሻݔ௔,்்௔ሺ்ܨ  ሾ ݇ݔ,  .ሿݔ
 Consequently, ்ܨ௔,்்௔ሺݐሻ ൌ  .0 < ݐ  ׊  1
׵  ܶܽ ൌ ܶܶܽ  
 Hence ܶܶܽ ൌ ܶܽ and ܵܶܽ ൌ  ܶܶܽ ൌ  ܶܽ 
 i.e. Ta is common fixed point for S and T. 
 Uniqueness of the common fixed point follows easily. 
 
Theorem 2.3: Let (X, F, t) be a Menger space with ݐሺݔ, ሻݕ ൌ minሼݔ, ሽݕ   ݈݈ܽ ݎ݋݂ 
,ݔ ݕ א ሾ0,1ሿ, S and T be occasionally weakly compatible maps of X satisfying there 
exists a number ݇ א ሺ0,1ሻ such that  
ሻݔ௨,்௩ሺ்݇ܨ   ൒ ݉݅݊൛ܨௌ௨,ௌ௩ሺݔሻ, ,ሻݔௌ௨,்௨ሺܨ ,ሻݔௌ௩,்௨ሺܨ,ሻݔௌ௩,்௩ሺܨ   ሻሽݔௌ௨,்௩ሺܨ
,ݑ  ݈݈ܽ ݎ݋݂          ݒ א ܺ. 
 
 Then S and T have a unique common fixed point. 
 
Proof: Since S, T are occasionally weakly compatible maps there exists ܽ א ܺ such 
that ܵܽ ൌ ܶܽ and ܵܶܽ ൌ ܶܵܽ. 
 Suppose ܵܽ ൌ ܶܽ ൌ ܾܵ and ݓ ൌ ܾܶ ൌ  be two points of coincidence, then by ′ݓ
(i), we have 
ሻݔ௨,்௩ሺ்݇ܨ   ൒ ݉݅݊൛ܨௌ௨,ௌ௩ሺݔሻ, ,ሻݔௌ௨,்௨ሺܨ ,ሻݔௌ௩,்௨ሺܨ,ሻݔௌ௩,்௩ሺܨ  ሻሽݔௌ௨,்௩ሺܨ
ሻݔ௪,௪′ሺ݇ܨ ֜  ൌ ሻݔ௔,்௕ሺ்݇ܨ ൒  ሻݔ௔,்௕ሺ்ܨ
ሻݔ௪,௪′ሺ݇ܨ ֜  ൒ 1 
ݓ ֜  ൌ        ′ݓ
 
 Since S, T are occasionally weakly compatible and have unique point of 
coincidence, then have w is a unique common fixed point of S and T. 
 
Theorem 2.4: Let (X, F, t) be a Menger space with ݐሺݔ, ሻݕ ൌ min ሼݔ,  ሽ for allݕ
,ݔ ݕ א ሾ0,1ሿ, S and T be self mappings of X into itself such that 

1. S and T satisfy the property (E.A) 
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2. there exist a number ݇ א ሺ0,1ሻ such that 
ሻݔ௨,்௩ሺ்݇ܨ  ൒ ݉݅݊൛ܨௌ௨,ௌ௩ሺݔሻ, ,ሻݔௌ௨,்௨ሺܨ ,ሻݔௌ௩,்௨ሺܨ,ሻݔௌ௩,்௩ሺܨ   ሻሽݔௌ௨,்௩ሺܨ
,ݑ  ݈݈ܽ ݎ݋݂  ݒ א ܺ                            
 
 If S(X) be a closed subset of X, then S and T have a coincidence point. 
 
Proof: Since S and T satisfy the property (E.A) there exist a sequence ሼݔ௡ሽ in X 
satisfying  lim୬ → ∞ ௡ݔܵ ൌ ݈݅݉୬ → ∞ ௡ݔ ܶ ൌ ݖ for some ݖ א ܺ.   
 Suppose that S(X) is closed.  
 Then lim௡՜∞ ௡ ൌݔܵ ܵܽ for some ܽ א ܺ,  also lim௡՜∞ ௡ ൌݔܶ ܵܽ. 
 By taking ݑ ൌ ݒ ݀݊ܽ ௡ݔ ൌ ܽ in condition (5.13.2), we get 
ሻݔ௫೙,்௔ሺ்݇ܨ  ൒ min ሼܨௌ௫೙,ௌ௔ሺݔሻ, ,ሻݔௌ௫೙,்௫೙ሺܨ ,ሻݔௌ௔,்௔ሺܨ ,ሻݔௌ௔,்௫೙ሺܨ  ሻሽݔௌ௫೙,்௔ሺܨ
 
 On letting ݊ ՜ ∞, we get 
ሻݔௌ௔,்௔ሺ݇ܨ    ൒ ሻݔௌ௔,்௔ሺܨ  ൒  ሻݔௌ௔.்௔ሺ݇ܨ 
ሻݐௌ௔,்௔ሺܨ    ൌ א ݐ  ׊  ሻݔௌ௔,்௔ሺܨ  ሾ݇ݔ, ݔ ݎ݋ሿ݂ݔ ൐ 0 
 
 For any  ݐ א ሾ݇ଶݔ,             ,ሿݔ݇
ሻݐௌ௔,்௔ሺܨ  ൌ  ሻݔௌ௔,்௔ሺܨ 
 
 In general we can prove that  
ሻݐ௦௔,்௔ሺܨ   ൌ א ݔ ׊ ሻݔௌ௔,்௔ሺܨ  ሾ ݔ, ௫

௞
 ሿ 

ሻݐ௦௔,்௔ሺܨ   ൌ א ݔ ׊ ሻݔௌ௔,்௔ሺܨ  ሾ ௫
௞

, ௫
௞మ 

ሿ 
 
 Continuing this way we can prove that 
ሻݔௌ௔,்௔ሺܨ   ൌ ൐ ݔ ׊  1 0 
׵   ܶܽ ൌ ܵܽ. 
 Hence S and T have a coincidence point. 
 Theorem 2.2 is not valid if S and T are not weakly compatible in view of the 
following example: 
 Example 2.5: Let ܺ ൌ ሼെ1, 1, ଵ

ଶ
, . . . , ଵ

௡
, … . . , 0, െ ଵ

ଶ
, … … , െ ሺଶ೙ିଵሻ

ଶ೙ , … ሽ     
 
 Define S, T on X as: ܵሺ1ሻ ൌ 0, ܵሺെ1ሻ ൌ െ1, ܵ ቀଵ

௡
ቁ ൌ ଵ

௡ାଵ
 , ݊ ൒ 2;      

 ܵሺ0ሻ ൌ ିଵ
ଶ

,  …. , ܵሺെ ሺଶ೙ିଵሻ
ଶ೙ ሻ ൌ ିሺଶ೙శభିଵሻ

ଶ೙శభ , …… 
 
 And ܶሺݔሻ ൌ  ݔ ׊  0
 Then ܵሺܺሻ ൌ ܺ െ ሼ 1, ଵ

ଶ
 ሽ,   ܶሺܺሻ ك ܵሺܺሻ, 

  ܶሺܺሻ  is closed and ܵܺ  is closed. 
 Since ܶ ቀ ଵ

௡
 ቁ ՜ 0, ܵ ቀ ଵ

௡
 ቁ ൌ ଵ

௡ାଵ
՜ 0  and therefore property (E.A)   holds. 

ሻݐ଴,ଵሺܨ   ൌ 1, ݐ ൌ  .and condition (ii) holds  ݔ݇
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 But ܵ1 ൌ ܶ1 and ܵܶ1 ൌ ܵ0 ൌ െ ଵ
ଶ

, ܶܵ1 ൌ ܶ0 ൌ 0 
 Therefore S and T are not weakly compatible. 
 The following example shows that Theorem 2.3 may not be valid if occasional 
weak compatibility is dropped. 
 
Example 2.6: Let ܺ ൌ ሼ1, ଵ

ଶ
, … , ଵ

௡
, … , 0, െ ଵ

ଶ
, … , െ ሺଶమିଵሻ

ଶమ , … , െ ሺଶ೙ିଵሻ
ଶ೙  , … ሽ  

 
Define S by ܵ ቀ ଵ

௡
 ቁ ൌ ଵ

௡ାଵ
݊  ݎ݋݂  ൒ 2, ܵ0 ൌ െ ଵ

ଶ
, ….   

 ܵ ቀ െ ሺଶ೙ିଵሻ
ଶ೙  ቁ ൌ െ ሺଶ೙శభିଵሻ

ଶ೙శభ ,   … ..  and ܵ1 ൌ 0 
 
 Then ܵሺܺሻ ൌ ܺ െ ቄ 1. ଵ

ଶ
 ቅ,  

 
 Define T by ܶݔ ൌ  .ݔ ׊  0
 Then property (E.A) holds, 
 since ܶ ቀ ଵ

௡
 ቁ ՜ 0, ܵ ቀ ଵ

௡
 ቁ ൌ ଵ

௡ାଵ
՜ 0 

 since ܨ଴,଴ሺ݇ݔሻ ൌ 1 and condition (i) holds. 
 ܵ1 ൌ 0 ൌ ܶ1, ܶܵ1 ൌ ܶ0 ൌ 0, ܵܶ1 ൌ ܵ0 ൌ ଵ

ଶ
 

 Hence S and T are not occasionally weakly compatible 
 Clearly S and T do not have a common fixed point.   
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