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Introduction

Random fixed point theorem for contraction mappings in polish spaces and random
fixed point theorems are of fundamental importance in probabilistic functional
analysis. Their study was initiated by the Prague school of Probabilistics with work
of Spacek[15] and Hans[5,6]. For example survey are refer to  Bharucha-Ried[4],
Itoh[8] proved several random fixed point theorems and gave their applications to
random differential equations in Banach spaces. Random coincidence point theorems
and random fixed point theorem are stochastic generalization of classical coincidence
point theorems and classical fixed point theorems. Sehgal and Singh[14],
papageorgiou[12], Rhoades Sessa Khan[13] and Lin[11] have proved differential
stochastic version of well known Schauder’s fixed point theorem. Recently, Beg and
Shahzad[3] studied the structure of common random fixed points and random
coincidence points of a pair of compatible random operators.

The result of Hardy and Rogers[7] further extended by Wong[16], showing that
two self mappings of S and T on a complete metric space satisfying a contractive type
condition have a common fixed point. Recently, Beg and Azam[1] further extended it
to the case of a pair of multivalued mappings satisfying a more general contractive
type condition. In this section we gave a further generalized result of Beg and
Shahzad[3] by using fractional inequality

Preliminaries

Let (X, d) be a polish space that is a saparable complete metric space and (€2, Y ) be a
measurable space with ¥ a sigma algebra of subsets of Q . Let 2* be the family of all
non-empty subsets of X and C(X) the family of all nonempty closed subsets of X. A
mapping T : Q — 2% is called measurable if, for each open subset U of X,
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T'(U) eX,where T (U)={weQ:T(WNU=#¢p}.

A mapping ¢ * ® — X s called a measurable selector of a measurable mapping
T:Q —2%if§ is measurable and {(W)Y € T(W ) for ecach W& & . A mapping /:
Q xX — Xis said to be a random operator if, for each fixedx & X, f,x): & — X

is measurable. A measurable mapping §:+ @ =X is arandom fixed point of a
random multivalued operator 7 : Q XX — CX) (f: Q xX — X) if fwd & T
P EG (800 = £ Wi f W) 0T for each WER  Let T: Q xX — C(X) be a
random operator and {&,} a sequence of measurable mappings &, :Q— X.The
sequence {&,} is said to be asymptotically T-regular if d(&, (w),T(w, <&, (w)))—0.

H represents the hausdroff metric on CB(X) induced by the metric d.

Main Result
Theorem: Let X be Polish Space. Let T;, Sj: Q x X — C (X) be sequence of
continuous random multivalued operators for i,j =1,2...n....c0. If there exists

measurable mappings a,b,c,d,e: Q —(0,1), such that

H(S,(wx),T; (my))éa(wbd(x,y)%(w)[d()@é}(WX)Hd(yJ}(my))}FC(;)[d(x,ﬂ(my)ﬂd(%si(mx»]

e M[d(x, y)+d(yS(wx))+d(x,S(wx))] +@ d,S (w0 Hd(yL(wy) Hd(xL(wy))
1+d(x y)d(y,S,(wx) dx S, (wx) 2 1+d(y,S,-(mx)Hd(yTj(wy)%d(ij(wy);

foreachx,ye X,weQ ;i, j=12....n...0
and a,b,c,d,ee R" with2[a(w) + c(w)]+4[b(w) + d(w)]+3e(w)<2,

then there exists a common fixed point of S and T Proof : Let &: Q—X be an
arbitrary measurable mapping and choose a measurable mapping
& Q> Xsuchthat,(WeS,(w, & (W) foreachwed

Thenforeachwel)
H(S, (& W),L (w6 (W)<a(W) d(S (W), MBS (W),S; (4. ()G W, T, (w6 (W))]

C(W) (& (09,7, (& () H(E (.S, (1., ()]

T W)[d(fo(W),é‘](W))+d(é’1(W),S(W,fo(W))Hd(fo(W),S(w,fo(W)))]
L+d(& (),6 (MG (W),S; (3 6 (M) IS (1),S; (4. 5,(W)
e(w) [d(éi (WS &G M)H+d(6 W), T, (w6, (W)+d(G, (W), T, (W, éi(W)))] 1200
L+d(& (0,5, & (G W, T, (6 S (W), T, (.6, (W))
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It further implies, than there exists a measurable mapping
& :Q->Xsuckhat,(Wel,(w& (W) foreachveQand

dig (.5 W)=H(S, (w5 ()T (w6 (1)
d(& (.5 M)A d(&GW.GWHINAGMW.S W& HAE).T (1.6 ()))]

+‘(;‘9 [ 00T, 0 0§ 09,50 ()]

dl M[d(é)(%sﬁ(wﬁ)+d(§(%5?(wé(wb)}kd(fo(w),&(wfo(w)))]
I+ (.6 (WIS (0,5 (.5 MG 1,5, (15 (1))

) [d(é(wb S GG, (g W)+dlGW.T; (Wé(wb)ﬁ

2 +dG .S (g MG (0.1 (6 (MG 0,1, (w5 (1))

=12.n

<a(w) d(é:o (w), 681 (W) +b(w)[ d(é:o (w), ‘fl (w)) + d(éjl (w), é:z (w))]
"(W) (&, (W), &, (W) + d(& (W), &, ()]

d(Sy(w), &, (W) +d (&, (W), &, (W) +d(5, (W), &, (W)
1+d(S, (W), 5, (W)d (S (W), &, (W))d (S (W), &, (W)
L ew) d(ﬁfl (W), &, (W) +d(5, (W), &, (W) +d (S, (W), 52(W))]
2 1+d(‘§1 (W), &, (W) (&, (W), S, (W)d (&, (W), &, (w))
=a(w)d(&,(w), &, (W) +b(w) [d(E, (W), &, (W) +d(&5, (W), &, (W))]

C(W) d(E,(W).&, (W) + 2d (W) (E, (W), &, (W)

+d(w)[

]

e(w)

[d(S, (W), 5, (W) + d (S, (W), 5, (W))]

d(&(W),&W)< k d(&(W),5 (W)
a(w)+b(w) +c(w)/ 2+ 2d(w)+e(w)/ 2
1-b(w) —c(w)/2—e(w)

wher&=

<lbecausa(w)+c(wW) +4bw) +d(w) +3e(w)<2

By above lemma in the same manner there exists a measurable mapping
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&, 1 Q= X such that £,(w)e S, (w, &, (w)) for each w e Qand
d(&, (W), & (W) =H(T;(w,&,(W)), S, (W, &, (W)

d(5, (W), &3 (W) <a(w)d(&,(w), &, (W) +b(w)[d (5, (W), T; (W, 5, (W) +d (5, (W), S, (w, &, (w)))]

C(zw D Ld(& (W), 8,00, &, (W) + d(E (W), T, (w, &, (W))]

+

. d(w)[d(fl (W), &, (W) +d(S, (W), T, (W, &, (W) +d(5, (W), T, (W, 5, (W)
1+d (&, (W), &, (W) (&, (W), T (w, &, (W) (&, (W), T (w, &, (W)))
L ew) d(&, (W), T, (w, 6, (W) +d (5, (W), S; (W, &5, (W) +d(S5,(W), S, (W, &, (W)))
2 1+d(S, (W), T;(w, &, (M) (5, (W), S, (w, 5, (W))d (&, (W), S, (w, &5, (W)))
<a(w)d(&,(w), 5, (W) +b(w)[d(S, (W), 5, (W) +d (S, (W), &5 (W))]

n C(zw DLd(& (W), &, (W) + d(E, (W), &, ()]

N d(w)[d(él (W), 6, (W) +d(&, (W), &, (W) +d (&, (W), 5, (W)
L+d (&, (W), &, (W) (S, (W), &, (W) (&, (W), &, (W)
L ew) [d(fz (W), 6, (W) +d(S, (W), &5 (W) + d (&, (W), &5 (W)
2 14+d(S, (W), (WA (S, (W), 65 (W) (&, (W), &5 (W)
d(S, (W), &3 (W) <k d(5,(w), &, (W)

<krd(E,(w), E (W)

]

]

Similarly, proceding in the same way, by induction we produce a sequence of
measurable mapping

& :Q— X suchthat fory)0andanywe(),
§2y+1 (W) € S(Wa 52;/ (W)) ’ §2y+2 (W) € T(Wa §2y+1 (W))

andd(E,(W),&,,,(W) <k d(&,_ (W), &, (W))eeeveriraninirennene. <k"d(&,(w), & (w))
Furthermoe form>n
d(&,(W),&,, (W) < d(S, (W), S, (W) +d(S,, (W), 8, s (W) + o +d(&,,(W),, (W)

<[k" +k"" ... +E"(E (W), E (W)
<d(E, W), E WK L +k+K> + ..o k"]

A& 0.6, ) -

d(&,(w), & (w) > 0asm,n—>o0.

It follows that {&,(w)} is a Cauchy sequence and there exists a measurable
mapping £:Q—X such that §,(w)—&(w) for each w € Q. It further implies that &
21 (W)—E(W)and & 2y12(W)—E(W).

Thus we have for any we Q,
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d(GW),S, (W) < d(S(W),5, ., (WA (S, (W), S, (W6 (W)))
Sd(EW),G, s (WHH(T, (W, 5, , (W), S, (w6 (W)
d(cW),S; (W) < d(c(W),5,.,(W))
+a(Wd(Sy,.,(W),s(W)+DWA (S, (W), T,(W, 5, ., (W) +d (W), S, (w5 (W))]

c(w)

+T[d(§zy+l W), (W, W) +d(EW),T,(W,5,,.,(W))]

d(G, 0 (W),s (W) +d(GW).T; (W&, s (WNHA(S, s (W), T, (165, (W))

1+d(&,. W),c(MA(EW),T, (W, &, WS, W), T, (1,65, (W)))
e [d (EW), LW, &, (W))+d(EW), S (W, EW))+d(S,,.,(W),S;(m,E(W)))

2 1+d(EW),T,(0,&,,  (W)H(EW),S (W, EWH(S,.,(W),S; (W, 5(W)))

Lettingy —oo,wehave

d(EW),S;(w,$(w)))<0

Hencé(w) € S,(w,&(w)) forw e Q.Similarlyforanyw e (),

d(cW),T;(w,6(W))) < d(EW), G, s W H(S, (0,51 (W), T (W,6(W))

d(EW),T,(w,¢(W))<0

Thereforé(w) e T,(w,&(w)) forw e Q

+d(w)[ ]

Corollary 1: let X be a polish space and T:QxX —C (X) be a continuous random
multivalued operator. If there exists a measurable map a,b:Q2—(0,1) such that for each
x,y €Xandw €Q,

H(T (w,x),T;(w.y))< a(w)d(xy)+b(w)[d(x,T; (w.x))+d(y,T;(w,y))]
d(x, ) +d(y., T, (w0 +d(x, T, (w,))
1+d(x, ) d(y,T;(w,x)) d(x, T, (w,x))
+ €(W) d(y’ T; (M}n X))+ d(Y’Tj (W’Y))+ d(XaTj (W’Y)) ] foreachx, y EX, wel
2 1+d(y, T,(wx)+d(y,T;(w,y)+d(x.T; (w.y))
and a,b,c,d,ecR" with2[a(w) + c(W)]+4b(w) + d(w)]+3e(w)<2; j =12..n..00,

+C(7W’[ AT (W) Ay T, (wox) B Aol

Corollary 2: Let X be Polish Space. Let T, S: Q x X — C(X) be two continuous
random multivalued operators. If there exists measurable mappings a,b,c,d,e: Q
—(0,1), such that
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H(Sw,2),T(w, y))<aw)d(x, y)+Bw)[d(x, S(w.0))+d(y, T(w ) I+ —= C( )

o2+ SO0} s SO.9)
1+d(x,y)d(y, S x)) d(x, S(w; x))
e(W)[ d(, S x))+d(yT(wy)H+d(xT(wy))
2 1+d(y,S(wx))+d(yT(wy) H+d(xT(wy)
anda,b,c,d,ecR" witlla(w) + (W +4bwW) +dW) [+3e(w)<2,

then there exists a common fixed point of S and T (Here H represents the hausdroff
metric on C (X) induced by the metric d)

[, T ) +d(y, S(wx))]

)] foreach, ye X, weQ)
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