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Abstract

We present new criteria for asymptotic properties of third order nonlinear
difference equation of the form

A%(ay (82,)%) + paxly =0
where {a,}and {p,,} are non negative real sequences and {r(n)} is a
sequence of positive integers, a and S are ratios of odd positive integers. Our
results are based on the suitable Comparison theorem, in which we deduce
properties of the third order difference equation from the second order

difference inequality. Some examples are provided to illustrate the main
results.
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1 Introduction
In this paper, we are concerned with oscillatory and asymptotic behavior of solutions
of the third order nonlinear difference equation of the form

A% (an(Ax,)®) + pnxf(n) =0, neN, (11)
where Ny = {ng,n, +1,ny+2,..},n, is anon negative integer and {a,}and {p,}
are non negative real sequences and {z(n)} is a sequence of positive integers, a and 8
are ratios of odd positive integers.
Throughout the paper it is assumed that
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n—1
R, = Zagl/“ - o a n- oo, (1.2)
S=Nj

By a solution of equation (1.1), we mean a real sequence {x,,} which is defined
n € N, and satisfying equation (1.1) for all n € N,. A nontrivial solution {x,} of
equation (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, and nonoscillatory otherwise.

The oscillatory behavior of solution of third order delay difference equations have
been investigated by several authors, see for examples [3,4,5,8,14,15] and references
quoted therein. Following this trend, in this paper, we offer new technique for
investigation of asymptotic properties of solutions of equation (1.1) from certain
positive solution of second order difference inequality.

In Section 2, we establish some results on the nonoscillatory properties of
equation (1.1), and in Section 3 we provide some examples to illustrate the main
results.

2 Main Results
We begin with the following lemma.

Lemma2.1. Let {x,} be a nonoscillatory solution of equation (1.1). Then {x,}
satisfies eventually, one of the following conditions;
() x,Ax, <0, x,A(a,(Ax,)*) >0, x,A%*(a,(Ax,)*)<0;
an x,Ax, >0, x,A(a,(Ax,)%) >0, x,A%*(a,(Ax,)*)<0.
The proof of the lemma can be found in [6].

Definition 2.1. We say that equation (1.1) has property (A) if every nonoscillatory
solution of equation (1.1) satisfies case (1) of Lemma 2.1.

Lemma 2.2. Let m>0 and t(n) =n+m.Assume that x, > 0,Ax, >0, and
A(a, (Ax,)%) > 0 eventually. Then for arbitrary k € (0,1),

R
Xpam = k ;;*'" Xy (2.1)
n

eventually.
The proof of the lemma can be found in [6].

. RB
Define p,(n) = ’;;m Dn -

n

Theorem 2.1. Let m > 0 and t(n) = n + m. If for some ¢ € (0,1) the second order
difference inequality

A= (Azy)VE | + "W( V%) <0 (2.2)
—F— \AZ C——\Z S .
pll/ﬁ(n) n arll/a n
has no solution satisfying
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1
7z, >0, Az, <0 and A(T() (Azn)l/ﬁ> <0, (2.3)
21

then equation (1.1) has property (A).

Proof. Assume that there is a nonoscillatory solution {x,} of equation (1.1)
satisfying case (I1) of Lemma 2.1. By using (2.1) in equation (1.1), we obtain

B
R
£2(a, (Axy)®) + kPp, }’;“" X <o. (2.4)

On the other hand, it follows from the monotonicity of y, = A(a,(Ax,)%) that,

an(Axn)a Zys yn(n N) > Cl(n)yn
eventually, where ¢; € (0,1). Then
1
(8x)* = =)y,

n
or

1
Ax, = /@ pl/a yl/a (2.5)

n
Summing up both sides the inequality (2.5) from N ton — 1, we have

n—1 1/a

S
X, = cll/“ z T ye (2.6)
s= NaS
Using (2.6) in (2.4) we obtain
nl 1/a £
S
Ay, + kﬂpl(n)cf/a (Z T ysl/a> <0.
s=N 7S
Summing up both sides the last inequality from n to co we have
o) s—1 _ / B
1/a
Ya € ) p(s) Z e (8a(8)) (27)
s=n j=N ]

where ¢ = clﬁ/akﬁ :

Let us denote the right hand side of (2.7) by z,.Then y,>z,>0and z,
satisfies (2.3), and we obtain

Py (Az,)VF |+ ”W( V@) = 0 (2.8)
—— Z C——\Z = . .
pll/ﬁ( ) n arll/a n

Consequently, z, is a solution of the difference inequality (2.2), which is a
contradiction. This completes the proof.

(m]
For our next results, define

p,(n) = p(n+m) (2.9
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Theorem 2.2. Lett(n) =n — m. If for some ¢ € (0,1), the second order difference
inequality

1 nl/@
p,""(n) ay
has no solution satisfying
1
Zy = 0, AZn <0 and A(T (AZn)l/B> <0, (211)
p, " (n)

then equation (1.1) has property (A).

Proof. Let {x,} be a positive solution of equation (1.1) satisfying case (Il) of Lemma
2.1. By summing equation (1.1) from n to co we obtain

Aan(B5,)) = ) pyxf(s —m). (2.12)
S=n
Denote s — m = u, we have
Ala,(Axp)®) = Z p(u +m) xg > Z p(s +m) xf . (2.13)
B . u=n-m sS=n
Using (2.5) in (2.13) we have,
oo s—1 1 ﬁ
yn 2 Ep(s +m) Z 1/0( Cll/ajl/ayjsl/a
- e~ 1
s=n J=N "]
or
00 s—1 1 B
Yn 2 Z ps(s) Z —z e Gy
s=n Jj=N aj

Let us denote the right hand side of (2.14) by z, . Then similarly as in the proof
of Theorem 2.1, we can verify that z, is a positive solution of inequality (2.10) and it
satisfies (2.11), which is a contradiction to our assumption. This complete the proof.

Now, we eliminate solution of inequalities (2.2) and (2.10) satisfying (2.3) and
(2.11), to obtain sufficient condition for property (A) of equation (1.1). This
inequalities (2.2) and (2.10) have the same form, we present one general criteria and
adapt them for both inequalities.

Consider the difference equation

A(r,(Az,)*) + bzl =0 (2.15)
where « and y are ratios of odd positive integers, and {r,} is a positive real sequence
and {b,,} for nonnegative real sequence. Define

_ -1/«
en = E Ty .
s=n

Theorem 2.3. Assumethat a >y . If
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o c—1 1/a
1 —
Y= D b)) = (2.16)
s=N's j=N
and
= a \*l/a\¢ 1 1
. an e 11
imsw ) (- (59" () e ) =0 @17
S=
then equation (2.15) has no solution satisfying
z, >0, Az, <0 and A(r,(Az,)*) <0. (2.18)

Proof. From inequality (2.17), we have
n—-1 n—-1

a ¢l /e 1 1
a — _
E ed b, > E (a+1) (y) mIc (2.19)

s=N s=N
Let {z,} be a positive solution of equation (2.15) satisfying (2.18). Then we claim
that lim,,_,, z, = 0. If not, then z, > [ > 0 eventually. From equation (2.15), we

obtain
n—1 n-1
—1,(Az,)* = z bzl > 1Y Z b .
s=N s=N

Evaluating Az, and summing up both sides the above inequality from N to
n — 1, we obtain

n-—1 s—1 1/a
> 1 v/ b
Zy = 1/a J
s=N Ts j=N

Letting n — oo, we get contradiction with (2.16), therefore we conclude that
lim,,_ z, = 0. Define

7, (Az,)%
= M _ (2.20)
Z
n
Then
A(r,(Az,)” Az
AWn = ( n( Y n) ) — VYWn41 ty_l_yn
ZTl ZTL
where z,, < t < z,,, . Further, we have

Az,
Aw, < —by — YWpy1—

Zn
1/a

r,' Az, 1
= by YW — (221)
Zn Th
Clearly, lim, .z, =0 anda >y, z, <z!’*. We derive
1 1
it (02in) = 1,/%(0z,) and —o >~
n+1 n

By using the above inequalities in (2.21) we obtain
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(1+1/a) 1
n+1 r]_/a )

Aw, < —b, — yw. (2.22)

Multiplying (2.22) by e and summing from Nton — 1 We obtain

n-1 n-1
egc—l (1+1/a) 0: 1/a
a a
enWn — eyWy + «a WSWS _Zb e yz Wst1
S=N ‘r; s=N
n-1 n-—1 n-1
G (1+1/a) 1/a
a a a a
st es + a Ws rl/a+yzws+1 €sTs S eyWy — epWy
s=N S=N S s=N
n—-1 n-1 . 4
e 1+1
b, e+ « Sl/a (WS +wilt /a)es) < —efw,.
. S=N s=N rs
By using
a
(1+1/a) ( a 1 ) v
s +w >|—————="—] and A= —e
s+1 (a+1)a+1 A a ®
we obtain

04 a+l s\ 1 1
zb e < Z(a’+1) (;) 1/a s_ enWn , (2.23)

WhICh IS a contradlctlon with (2.19). This completes the proof.

Corollary 2.1. Let (2.16) holds. Assume that a > y. If
I ar1p gl/e 5 (%) (3 224
Im inf ey a, (m) (;) , (2.24)
then equatlon (2.15) has no solution satisfying (2.18).

Proof. It follows from (2.24) that

ab - 4 a+1 a a 1
én On (a + 1) (;) /e

1
ena,
or
a a+1 a a 1
ap, — (-) - _>o0. 2.25
én On (a + 1) y enai/a ( )
Summing up both sides the inequality (2.25) from N to n — 1 we obtain
n—-1
a a+l s\ @ 1
&p. — — >
SZ]\](BS bs ((l+1) (y> e, al/a) 0.
Taking limsup on the both sides,
n-1
a a+1 a a l
H a _ —
Am sup (es bs (a + 1) (y) e, al/a ) s
s=N

By Theorem 2.3, we conclude that inequality (2.15) has no solution satisfying
(2.18). This completes the proof.
(m]
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Theorem 2.4. Let a > andt(n) =n+m. If

B

o) -1

Rl (N1
Ps = oo, (2.26)

RA rl/e

s=N S J:N ]

and
© Rﬁ 1+1/ﬁn1/a R[g 1 1+1/B a 1/B
lim inf Z st o >( +1) (_) , (2.27)
e S=N RS Tn RTl+Tl’l ﬁ ﬁ

then equation (1.1) has property (A).

Proof. It follows from (2.27) that

o) RB 1+1/8 nl/“ RB 1 1+1/8 a 1/8
lim inf Z st . >( +1) (_) (2.28)
" S=N RS 7,‘Tl Rn+m ﬁ ﬁ
where some ¢ € (0,1) . We set a:%, yzi, n+m=n, an:pl_l/ﬁ(n) and

nl/a

by, =c—7z . en = Xeznp1(s). The inequalities (2.16) and (2.24) reduce to
T.

inequalitries (2.26) and (2.28). Then Corollary 2.1 ensure that equation (2.2) has no
solution satisfying (2.3). From Theorem 2.1, we conclude that equation (1.1) has

property (A).

(m |
Theorem 2.5. Leta > B, t(n) = n — m. Assume that (2.26) holds. If
L i 1+1/ﬁn1/a 1 >< 1 )1+1/ﬁ (a)l/ﬁ (2 29)
nl—>oo lnf Ps T.nl/“ p(S + m) ﬁ +1 ,8 , .
s=n

then equation (1.1) has property (A).
Proof. It follows from (2.29) that

o) 1+1/ﬁ
lim inf ) w1 >< ! )
n—oco lnf Ps Crnl/“ p(S +m) ﬁ +1

S=n

1+1/B

7"
B
where some ¢ € (0,1) . We set a=%, y=§, n-m=n, an=p2_1/ﬁ(n) and
/a
b, = c% , ep =22 p(s). The inequality (2.24) reduce to inequality (2.29),
rn
therefore Corollary 2.1 ensure that inequality (2.10) has no solution satisfying (2.11).

It follows from Theorem 2.2, we conclude that equation (1.1) has property (A).
(m]

Corollary 2.2. Assume that equation (1.1) has property (A). If

o 1/a

s=N u=s j=u
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then every nonoscillatory solution of equation (1.1) tends to zero as n — oo.

Proof. The conclusion follows from the Definition 2.1 and equation (2.30), so it can
be omitted.

(m]
3 Examples
In this section, we present two examples to illustrate the main results.
Example 3.1. Consider the third order nonlinear advanced difference equation
4(n + 3)?
2 3 — >
A (n(Axn)) + (n+1Dn+2) Xne3 =0, n=1 (3.1)
Here, a,=n a=1, =3, () =n+3 and p, = = |t is easy
=T / ' Pn = ()

to verify that condition (2.26) holds. From Theorem 2.4 we see that the equation (3.1)
having property (A). In fact {x,} = {%} is one such solution of equation (3.1).

Example 3.2. Consider the third order nonlinear advanced difference equation
9
A2(2"(Ax,)3) + =——5x3_ =0, n=6. (3.2)

2—Tl+22

Here, a, =2", a=3, =3, 1(n)=n-5 and pn:ﬁ. It is easy to

verify that condition (2.29) holds. From Theorem 2.5 we see that the equation (3.2)
having property (A). In fact {x,} = {Zin} is one such solution of equation (3.2).
We conclude the paper with the following remark.

Remark. It is easy to see that Examples 3.1 and 3.2 illustrate the Corollary 2.2.

References

[1] R.P. Agarwal, Difference Equations and Inequalities, Second Edition, Dekker,
New York, 2000.

[2] R.P. Agarwal, M. Bohner, S.R. Grace and D.O. Regan, Discrete Oscillation
Theory, Hindawi Publ. Corp., New York, 2005.

[3] R.P. Agarwal and S.R. Grace, Oscillation of certain third order difference
equations, Comput. Math. Appl., 42 (2001), 379-384.

[4] R.P. Agarwal, S.R. Grace and P.J.Y. Wong, On the oscillation of third order
nonlinear difference equations, J. Appl. Math. Comp., 32 (2010), 189-203.

[5] A. Arul and G. Ayyappen, Oscillation criteria of third order neutral difference
equations with distributed delay, Malaya J. Math., 2 (2013), 1-13.

[6] R. Arul and R. Kodeeswaran, Asymptotic behavior of third order nonlinear
difference equations with mixed arguments, J. Adv. Math., 9 (1)(2014), 1744-
1754,



Some Asymptotic Properties 9

[7]

[8]
[9]

[10]

[11]

[12]
[13]

[14]

[15]

R. Arul and R. Kodeeswaran, Asymptotic properties of third order nonlinear
difference equations with mixed arguments, J. Adv. Math., 9 (2)(2014), 1991-
1999.

G.E. Chatzarakis and I.P. Stavroulakis, Oscillation of advanced difference
equations with variable arguments, EJQTDE, 79 (2012), 1-16.

S.R. Grace, R.P. Agarwal and J.R. Graef, Oscillation criteria for certain third
order nonlinear difference equations, Appl. Anal. Discrete Math., 3 (2009), 27-
38.

S.R. Grace and S. Dontha, Oscillation of higher order neutral difference
equations of mixed type, Dynam. Syst. Appl., 12 (2003), 521-532.

J.R. Graef and E. Thandapani, Oscillatory and asymptotic behavior of
solutions of third order delay difference equations, Funckcialaj Ekavioj, 42
(3)(1999), 355-369.

G. Ladas, Ch.G. Philos and Y.G. Sficas, Sharp condition for the oscillation of
delay difference equations, J. Appl. Math., 2 (1989), 101-112.

N. Parhi and A. Panda, Oscillation and nonoscillation behavior or solutions of
difference equations of third order, Math. Bohemica., 133 (2008), 99-112.

E. Thandapani and N. Kavitha, Oscillatory behavior of solutions of certain
third order neutral difference equations, Acta Mathe. Sci., 33B (1)(2013), 218-
226.

E. Thandapani and K. Mahalingam, Oscillatory properties of third order
neutral delay difference equations, Demons. Math., 35 (2)(2002), 325-336.



10

R.Arul and R. Kodeeswaran





