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Abstract

In this paper, we study the oscillation solutions to third order half-
linear neutral difference equation with “maxima” of the from

A(an (A% (%, + pnxn_g))a)+qn max x* =0, (0.1)

[n-z,n]

. . o > 1
where « is a ratio of odd positive integers and ZW =00, Examples

S$=Ngy S

are provided to illustrate the main results.
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1. Introduction
In this paper, we study the oscillation solutions to third order half-linear neutral
difference equation with “maxima” of the from

A(an(Az(xn + pnxn_g))a)+qn max x* =0, nel, (1.1)

[n-z,n]
where N, ={n;,n;+1,n,+2,..} and n, is a nonnegative integer subject to the
following conditions:

(C,) a is aratio of odd positive integers;
: . _ 1
(C,) {a,} isa positive real sequence with A = Z -~ —»

n=n, al/a
n
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(Cs) {0} and {Po) are positive real sequences with 0< p, < p<1;

(Co) e and o are positive integers.

Let @ =max{z,c} . By a solution of equation (1.1), we mean a real sequence %)
satisfying equation (1.1) for all n>n,—6. Such a solution is said to be oscillatory if it

is neither eventually positive nor eventually negative and nonoscillatory otherwise.

In [1, 2, 7], the authors investigated the oscillatory properties of solutions of third
order neutral difference equations. But very few results available in the literature
dealing with the oscillatory and asymptotic behavior of solutions of neutral difference
equations with “maxima”, see [3, 5, 6], and the references cited therein. Therefore, in
this paper, we present some sufficient conditions for the oscillation of all solutions of
equation (1.1). The result established in this paper are discrete analogue of that in [4].

In Section 2, we present some sufficient conditions for the oscillation of all
solutions of equation (1.1). In Section 3, we provide some examples to illustrate the
main results.

2. Oscillation Results
In this section, we obtain a oscillation criteria for equation (1.1). We begin with some
useful lemmas, which some useful lemmas, which we intend to use later. For each

solution {x,} of equation (1.1), we define the corresponding sequence {z,} by

Zn = Xn + pnxnfa' (21)

The following Lemmas extracted from [7].
Lemma 2.1. Let {x,}be a positive solution of equation (1.1), then there are only

the following two cases for {z,} defined in (2.1):
(i) z >0,Az, >0, A’z, >0 and A(anAZZn)S 0;
(i) z,>0,Az,<0, A%, >0 and A(a,A’z,)<0
for n>2n, el ;, where N s sufficiently large.
Lemma 2.2. Let {x,}be a positive solution of equation (1.1), and let the
corresponding function {z } satisfies the Case (II) of Lemma 2.1. If
1o
0 0 l 0
>3 2150 -
a

n=ny s=n s t=s

(2.2)

then lImx, =limz, =0.

n—oo n—oo
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Lemma 2.3. Assume that u, >0, Au, >0 and A(an(Aun)“)so for all nzn,.

Then for each ¢ <(0,1) there existsa N €[] , such that
u”—‘TZEU—” forall n>N.

Lemma 2.4. Assume that z, >0, Az, >0, A*z, >0, and A(an (A%z, )a)s 0 for all

n>N . Then
7 a.1/01
”—*12”—'6“ forall n>N.
Az 2

n

2 a
Lemma 2.5. Assume that 2% =0 A2 >0 54 A(an(Azzn) )so for all

NEDO.Then

A%z
aﬁ’“AqA—”Sl forall n> N.
Zn

a—l/a

Lemma 2.6. If ,!T; nAh =0 , then

1 & a—l/a a(a+l) 1
lim z(u : ] —=1.
e A\+1 s=N A% as+1

Lemma 2.7. The sequence {x,} is an eventually negative solution of equation
(1.1) ifand only if {—x_} is an eventually positive solution of the equation

A(an (A% (%, + pnxn_g))a)+qn max x; =0.

The assertion of Lemma 2.7 can be verified easily.
Now, we present the main results. For simplicity we introduce the following
notations:

P = liminf A%, 3P (s),

n—o0

1

3 AP (s)

+1 S=ny

Q=limsup
n—oo
where

2a
La max (1- p, )"

P/, (S) = qnf A? oa n—r [n-z.n]

with ¢ e(0,1). Moreover, for {z,} satisfying the Case (I) of Lemma 2.1, we define
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A2z Y
Wn:an[ n] 1n2N1
z

n

r=Iliminf A" w,

n+l?
n—o0

and
R=Ilimsup A”,w,

n+l*
n—o0

Theorem 2.1. Assume that condition (2.2) holds. If

a
P>—o——| 2.3
(a +1)(a+1) @3

then every solution {x,} of equation (2.1) is either oscillatory or lim x, =0.

n—o0

Proof: Assume that {x,} is a nonoscillatory solution of equation (1.1). We can

assume without loss of generality, that {x,} is positive and corresponding {z,}
satisfies Case (I) of Lemma 2.1. First note that

Xy =2, — PoXoo 2 (1-p,) 2,
or
max x>z, max (1-p,)” >z7,, . max(1-p,)".

[n—z,n] [n—7.,n] n+l-t [n-z,n]

Since {z,} is increasing and 7 >1. Using the above inequality in equation (1.1),
we obtain

A(an (A%z, )" ) <-q, 7, max (1-p, ) <0. (2.4)

From the definition of {w, } we see that w, >0 and from (1.1) we have

Aaen)) @)
" (Az,)" (Az,.,)" (Az,)"

A(Az,)"

<-q, Z5,_, max (1-p, )" (2.5)

[n-z,n]

By Lemma 2.3 with u, = Az, we have

L ZEA‘" L , N>N,
Az A Az,

n



Oscillation Solutions to Third Order Half-linear Neutral Difference Equations 45

which with (2.5) gives

“ A1_ ) 1 ) o 1 a +1/a
/ z _ _ whve
o ( A, ] (Azn—r] Froacs ) rn]( 2 (Az, )" alle M

1/(1
Using the fact from Lemma 2.4 that AM >& A A“ , we have
Zn
a A1 a +1/a
/ 1- —— W

q A?Za n T[n rn]( ps) :1/4'01, n+l

or
Aw, +P, (n)+ vvﬁfl’“ <0 forall n>N. (2.6)

n+1

Since P,(n)>0 and w, >0 for n> N, w have from (2.6) that Aw, <0 and

Aw,
\N1+1/ a

n+1 n+1

—— forall n>N. 2.7)

Summing the last inequality from N to n—1, and using the decreasing property of
W, , we obtain

—W, + W, Zl
+1/ la
\N1n+1 s=N @ S+1
or

a
a+l

Wn < n-1 l !
az al/a
s=N “s41

which inview of (C,) implies that limw,=0. On the otherhand, from the

n—o0

definition of w,, and Lemma 2.5, we see that

AAA,
A“W_a( Az, ]

Then
0<r<R«l. (2.8)
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Let £ >0, then from the definition of P and r, we can choose an integer n, > N
sufficiently large that

n+l —

Af+1ia(s)2 P—¢ and A’,w_,>r—¢ for n>n,. (2.9)

Summing (2.6) from nto «, and using the fact that limw, =0, we have

n—oo
W, —W .+ Z +az s
S=n

+1/ a

+1
s+1
or

+1/ a

szie +aZ 5*1 , (2.10)

Sl

Multiplying the last inequality by A, we have

+1l e

Wi 2 A1+1ZP +aA\1+1z sf/la

§=n S+1

>Pogt(rog)™ A,]+1ZA'QS;1. (2.11)
+1

o0

From (2.11), and Za 1,;1 > I >
s=n +1 A +

, we have

LN

n+l —

AL W, 2P-g+(r-¢ )M/a.

Taking limit infimum on both sides, we obtain that
r>P-¢ +(r —g)mla :

Since £ >0 is arbitrary, we obtain that desired that

P<r—re, (2.12)

Ita a a+l
Using the inequality Bu—Cu ¢ sa—MB—a, with B=C =1 and u=r, we
(a+1)" C

obtain that

p<—2

a+l)

(a +1)(

which contradicts (2.3).
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If {z,} satisfies Case (I1) of Lemma 2.1, then by the condition (2.2) we have
lim x, = 0. This completes the proof.

From Theorem 2.1 we have the following corollary.
Corollary 2.1. Assume that (2.2) holds. If

. ) e 20 2 a a
liminf A’ a A 1- - —
o 'A\wls_zn0 Qs . A%a [s-7 s]( pt) > (f] (0! +l)(a+1) !
then every solution {x, } of equation (2.1) is either oscillatory or lim x, =0.
Theorem 2.2. Assume that condition (2.2) holds. If

P+Q>1 (2.13)

then every solution {x,} of equation (2.1) is either oscillatory or lim x, =0.

n—o0

Proof: Assume that {x,} is a nonoscillatory solution of equation (1.1). We can
assume without loss of generality, that {x_} is positive solution of equation (1.1). Let
the corresponding {z,} satisfies Case (I) of Lemma 2.1. Proceeding as in the proof of

Theorem 2.1, we obtain (2.6). Now multiplying (2.6) by A’, and summing from n, to
n, and then using summation by parts formula, we obtain

a+l

A:Hl n+1£ a+1 ZAS@(HP z ” Asa+1 z Asa+1 i;—i

s=n, s=n, s=n, A,y

a+1 a+1

Dt+1 Z A%(Hlp z (Ol +1) A§a+1AA§ Ws+1 z aAéHlAAg 5+1

s=n, s=n, s=n,

Ita a a+l
Using the inequality Bu—Cu @ sa—MB—a, with u=w,;, C=aA"AA
(a+1)" C

and B =(a+1) A%,AA, , we obtain that

a(a+l)
a+1Wn+1 < a+1 z A%a+1p _z ( A;% ] A&

a(a+1)
Dt+ o+, + l
W, Z/x P, (s Z(A% 1] P

S+1

It follows that

a+l -1lla a(a+l)
w,oo1o& L, 1 &f, a 1
< LS g (5) Z[“ / ]
A'|+1 A1+1 $=ny +1 s=n, A% as+1
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Taking limit supremum on both sides and using Lemma 2.6, we obtain
R<-Q+1.

Combining this with the inequality in (2.12) and (2.8) we obtain

a+l
P<r-r« <r<R<-Q+1
or
P+Q<],

which contradicts (2.13)
If {z,} satisfies Case (I1) of Lemma 2.1, then by the condition (2.2) we have

lim x, = 0. This completes the proof.

n—o

From Theorem 2.2 we have the following corollary.
-1/«

Corollary 2.2. Assume that (2.2) holds and lim ”Aw =0.If

0

> AR (s)>1

+1 s=ny

Q =limsup
n—oo

then every solution {x, } of equation (2.1) is either oscillatory or lim x, =0.

n—o0

3. 3. Examples
In this section we present some examples to illustrate the main results.

Example 3.1. Consider the third order difference equation

A[n(n+1)A2(xn+%xn_1jj+nmaxxS =0,n>1. (3.1)

[n-1,n]

Here a =1 a,=n(n+1),p, =%,qn =n,, and t=c=1. It is easy to see that all

conditions of Corollary 2.1 are satisfied and hence every solution of equation (3.1) is
either oscillatory or converge to zero as n — .
Example 3.2. Consider the third order difference equations

3
Aln Az(xn+lxn_lj +2maxx§:0, n>1. (3.2
3 n> [n-1n]
1 10 .
Here a=3 a, =n, pnzg,qnz—a, and 7=0=1. It is easy to see that all
n

conditions of Corollary 2.1 are satisfied and hence every solution of equation (3.2) is
either oscillatory or converge to zero as n — .



Oscillation Solutions to Third Order Half-linear Neutral Difference Equations 49

References

[1] R.P. Agarwal, Difference Equation and Inequalities, Second Edition, Marcel
Dekker, New York, 2000.

[2] R.P. Agarwal, M.Bohner, S.R.Grace and D.O’Regan, Discrete Oscillation
Theory, Hindawi Publ. Corp., New York, 2005.

[3] R.Arul and M.Angayarkanni, Asymptotic behavior of second order
nonlinear neutral difference equations with “maxima”, Far East J. of Math.
Sci., 82(1)(2013), 79-92.

[4] R.Arul and M.Mani, Oscillation solution to third order half-linear neutral
differential equations with “maxima”, Far East J. of Math. Sci., 90(1)(2014),
89-101.

[5] J.W.Luo and D.D.Bainov, Oscillatory and asymptotic behavior of second
order neutral difference equations with “maxima”, J. Comput. Appl. Math.,
131(2001), 333-341.

[6] J.W.Luo and V.A.Petrov, Oscillation of second order neutral difference
equations with “maxima”, J. Math. Sci. Res. Hotline, 3(1999), 17-22.

[71 E.Thandapani and S.Selvarangam, Oscillation results for third order

halflinear neutral difference equations, Bull. Math. Anal. Appl., 4(2012), 91-
102.






