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Abstarct

In this paper, we study the oscillatory behaviour of a class of third-
order nonlinear delay differential equations with “maxima”

(a(t)((b(t)(x(2) + p(O)x(z(t)))) + q(t) Max(y g x¥ (s) =
0t>t,>0 (0.1)

where y is the ratio of odd positive integers. We establish sufficient
conditions which guarantees that every solution of equation (0.1) is
either oscillatory or converges to zero. These results extend some
known results in the literature without “maxima”. Examples are given
to illustrate the main results.
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1. Introduction
This paper concerned with the oscillation problem of third-order nonlinear delay
differential equations with “maxima” of the from

(a(®)(@) (@) +pO)x(x(t)))) + q(t) Max g x? () =0,t 2t, =20 (1.1)
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where y is the ratio of odd positive integers. Throughout this paper, it is always
assumed that:
(C,) v is the odd positive integers;

(C) a(t),b(t),p(t), q(t) € C([t0, ), R),a(t) > 0,b(t) > 0,q(t)

> 0 forallt > t0;

(C3) a(t) € C([ty,©),R),a(t) < t,a(t) is nondecreasing andlim,_,, o(t) = oo.

Further, we will consider the following two cases

to a(t) Jeo b(t) T
and

o dt o dt

to a(t) 0, to m (13)

By a solution of equation (1.1), we mean a continuous function x(t) €
C([Ty,©)), T, = t,, which satisfies (1.1) on [T, ). We consider only those solutions
x(t) of (1.1) which satisfy sup {|x(t)|:t = T,} >0 forallt = T,. A solution x(t)
of equation (1.1) is called oscillatory if it has arbitrary large zeros on [T, 0),otherwise
it is called nonoscillatory. A solution x(t) of equation (1.1) is said to be almost
oscillatory if x(t) is either oscillatory or x(t) » 0 ast — oo.

In the last few years, the qualitative theory of differential equations with “maxima”
received very little attention eventhough such equations often arise in the problem of
automatic regulation of various real system, see for example [19, 21]. The oscillatory
behaviour of solutions of differential equations with “maxima” are discussed in [9-13,
17, 18], and the references cited therein.

The are many results available in the literature on the oscillatory and asymptotic
behaviour of third-order differential equations without “maxima” see for example [1,
2,7, 14, 16, 21], and the references cited therein.

In [3], the present authors studied the oscillatory and asymptotic behaviour of

solutions of equation (1.1) when fwi < oo, f;’% = o0, Following this trend, in this

to a(t)
paper we discussed the oscillatory behaviour of (1.1) when the condition (1.2) or (1.3)
holds.
In section 2, we obtain criteria for the almost oscillation of all solutions of equation
(1.1) and in section 3, we present some examples to illustrate the main results.
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Remark 1.1. All functional inequalities consider in this paper assumed to hold
eventually, that is they are satisfied for all t large enough.

Remark 1.2. Without loss of generality we can deal only with the positive solution
of equation (1.1), since the proof for the negative solution is similar.

2. Oscillation Results
In the following, we will establish some oscillation criteria for equation (1.1).To
simplify our notation, let us denote

2(8) = () + p(Ox(x(0), ¥ (1) = ~w(t) = ~a(O Gz () and B() = J ;5
To obtain sufficient condition for the oscillation of solutions of equation (1.1), we
need the following lemma.
Lemma 2.1. Let x(t) be a positive solution of equation (1.1),and let the
corresponding z(t)
Satisfy z(t) > 0,z'(t) < 0,(b(t)Zz'(t)) = 0,(a(t)(b(t)Z'(t)))’'< O for

allt > t; > ¢,. If
[[its], o o
— — s)dsdudv = o,
o @) ), a@ ), 1

then lim,_, x(t) = lim,,z(t) = 0

The proof is similar to that of in [15] and hence the details are omitted .

Theorem 2.1. Assume that there exist numbers ¢ > y,f = y and a function
6 € c([ty,»),R) such that a, B are ratio of odd positive integers, §(t) is non-
decreasing and 6 (t)> t. If the condition (2.1) and for all sufficiently large t; > tpand for
t, > t1, the first-order delay differential equation

w'(©) + ¢ a0 (max (1 - p(s))" ) (f 70 E) we(a(t)) = 0 (2.2)

[o(t).t] tz b(s)

is oscillatory for all constants c; > 0, the first-differential equation

’ - 0 S ‘8 a(t S
y® - a® ([5'33)21(1 - p(s))y) (Foae) (n75) v/ @@ =0 @3

is oscillatory for all constants ¢, > 0, then every solution of equation (1.1) is almost
oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1). Without loss of
generality we

may assume that x(t) is positive , since the proof for the case negative is similar.
Then thecorresponding function z(t) satisfies the following three possible cases:
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Case(l) z(t) >0,z (t) > 0, (b(t)z'(t)) > 0, (a(t)(b(t)z (¢))) <O;

Case(Il) z(¢) > 0,z'(t) > 0, (b(t)z' (t)) <O, (a(t)(b(t)z'(t))) <O;
and

Case (Ill) z(t) > 0,z'(t) < 0, (b()z'(t)) > 0, (a(t)(b(t)z (t))) <O,
forall t > t; > t, Assume that Case (I) holds .From the definition of z(t) we have

z(t) = x(t) + p(t)x(z(t))
x(t) = z(t) — p(O)x(z(t)) = (1 — p(£))z(t). (2.4)

Or

From the equation (1.1) and (2.4) we have

@OGOZE)) +a(©) (max@-pE)) 7@ < 0. (29)

Using (a(t)(b(t)z'(t))")’ < 0, we obtain

, ‘ b ' ' , , ‘ d
b(D)zZ' () > (a(s)(ag;z D 45 > @OGOZO) j TZ)

t1

Dividing the last inequality by b(t) and then integrating from t, to t, we get

z(t) = (a)(b(®)z'(t)) ffz (%‘;‘T") ds. (2.6)

From (2.5) and fact that z'(t) > O we see that there is constant ¢, > 0 such that

@OGEOZO)) + ¢ “q© (max @ P ) 2(E) < 0. 27)

Using (2.6) in (2.7) we obtain

a(t) fa(t)d—u )
w'(t) + ¢! %q(t) ( max_ (1 — p(s))”) j n_au) ds | w*(a(t)) =0.

[o(t).t] b(s)

In view of theorem 2.1 of [20], the associated delay differential equation (2.2) also
has a positive solution, which is a contradiction. Assume that Case (Il) holds.
Since a(t)(b(t)z'(t)) < 0, we see that a(t)(b(t)z'(t)) is decreasing .Then we get

a(s)(b(s)z'(s)) < a(t)(b()z'(t)) ,fors >t > t,.
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Dividing the last inequality by a(s) and then integrating the resulting inequality
from t to [ we have

b7 M) < b7 (©) + aOGOF ) J} 225

Letting t — o, we have

b(B)Z (1) < —a(O)(B(OZ ) [, 5 (2.8)
Using conditions z(t) > 0 and (b(t)z'(t)) < O, we have
2(8) 2 b(®)z (D) [, 55 (2.9)
Thus,
( f(?s> <o. (2.10)
ft1 b(s)

Combining (2.8) and (2.9) ,we have

2(t) = —a()(b()Z' @) [ [ L (2.12)

t a(s)“t1b(s)

On the other hand, we have by (2.10) and §(t) = o(t) that

fa(t) ds \Y fa(t) ds \7Y
UCO)) z(fs&:’) 2V (8(1)) = (;;m’;‘?) 2 (027 F(8(1). (212)

t1  b(s) t1  b(s)

By (2.9), there exists a constant ¢, such that (t) < c, |, tt % By (2.12), we get

fa(t) ds

Y —_
2'(a(t)) 2 ¢ (ﬁ) ﬁ((g(t))(f«j(t) ds) v=B

t B b(s)

_ =B 3® ds \ 7P o) ds \Y
= (1) (K0) 26w 213)

Combining (2.11) and (2.13) ,we obtain

27 (a(®)) z ¢y P (7 %)_ﬁ (2 %)y (—w(8(£)))~. (2.14)

Using (2.14) and (2.5) ,we have
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w'(t) + ! Pq(t) ( max_(1

[o(0).¢]
o(t) Y
* ds g ds
_ as B B
p(s))V) (ja(t)a(s)> J 0] (—w(s@®)F) <.
or
y'(t) — I Pq) (krrrgg?g](l - p(s))V) (S %)ﬁ ( ft‘i“) %)Y yA(5(t)) = 0.(2.15)

W(e deduce from Lemma 2.3 of [7], the associated advanced differential equation
(2.3) also has a positive solution, which is a contradiction. Next assume that Case (111)
holds. Then by Lemma 2.1, we have lim,_, x(t) = 0. This completes the proof.

Corollary 2.1. Let y =1. Assume that there exist a function § € c([t,, ), R) such
that &5(¢t)

is nondecreasing §(t) > t. If (2.1)

and for all sufficiently larget, > tyand t, > t,

v du
Lt o® (Jeyam 1
liminf [, a(s) <[5‘23,Xs1<1 N p(5)> L, ( b(v) )d”ds >3 (2.16)

o(s) ( du 1
LOGs) > @

. 5(t) o (du
imins 1146 g 0 =79 5 (:5)

Then the equation (1.1) is almost oscillatory.

Proof.Let = f =y = 1, then we have

s(t) /s du
w'(t) + q(t) (&gﬁ(l — p(s)) j %S()u) w(a(t)) = 0and
0 d a(t) d
’ S S —_—
Y0 -0 ggsa-0) [ (o) [ ) o) =0

respectively. Applications of Theorem 2.1 with Lemma 2.1 of [16], we obtain the
desired result. This completes the proof.

Corollary 2.2. Let vy< 1.Assume that there exist a function
B > 1and a function§ €
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c([to, ), R)such that B is the ratio of odd positive integers §(t) is nondecreasing
and
&(t) > t. If (2.1) and for all sufficiently large t; > t, and t; > t, >t,,and

s du 14
oo 3 A ([ e® Jiam _
fts q(t) <[£ng?§](1 p(s)) )(ftz bGs) ds) dt =, (2.18)

and

0 o ds\P [ o ds\Y ,.
Ji2a@ (max (@ = p&)Y ) ([ mes) (o) de ==,

then every solution of equation (1.1) is almost oscillatory.

Proof. Let a = y. Applications of Theorem 2.1 with Lemma 2.1 of [17], we obtain
the desired result. This completes proof.

Corollary 2.3. Lety = 1 and o € ¢'([ty,©), R). Assume that there exist functions
£,68 € c'([ty,©), R) such that &(t) > t, &(t) is nondecreasing , a(t),(E(E(D))) < t,6(t)
is nondecreasing and §(t) > t. Suppose also there exists a function ¢ € c¢'([t,, ), R)
such that ¢'(t) > 0, !I_)I’D) o(t) = oo. If (2.1) and

LA LA L Y

e~ *(MO> 0.

1 (8D 1 (&sp)
. J Jo # a(s1)ds1ds;
liminf (b(t) ralsp) =2 )
t—w [ (t)

If for all sufficiently large t; > tyand t; > t, > t,,

® o ds \P o(t) ds\" _
Ji2a (max (@ = p&)Y ) ([ mes) (o) de ==,

then every solution of equation (1.1) is almost oscillatory.
Proof.Let = y . Applications of Theorem 2.1 with Lemma 2.1 of [17], we obtain
the desired result. This completes proof.
Theorem 2.2. Let all conditions of Theorem 2.1 hold with (1.2) replaced by (1.3).
If
fooL Y Lf;: q(s) ( max_ (1 — p(s))”) BY(o(s))dsdudv = o, (2.19)

to b(v) “to a(u) [o(0),t]
then every solution of equation (1.1) is almost oscillatory.

Proof. Suppose x(t) be a nonoscillatory solution of equation (1.1).
Without loss of generality that x(t) is positive.Then there exists four possible
Cases(I),(11),(11) (as those of Theorem 2..1), andCase(1V)
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z(t)> 0,z (¢) <0, (b(t)z'(8)) <0, (a(t)(b(t)z'(¢))) <O,

fort > t, , where t; > t, is large enough. From the proof of Theorem 2.1, we can
eliminate Cases (1),(11) and (l11). Consider now the Case (1V). Since , (b(t)z'(t)) <O,
we get

, b(t)z'(t)
z(s) > v for s> t.

Integrating this inequality from t to ¢ and letting ¢ — oo implies that
z(t) = —B(t)b(t)z' (t) = LB(t)

for some constants L > 0.From equation(2.3) we have,

(@(®)(bO)Z ()Y + L7 j jq(t) ({max, (@ = ()7 ) BY(o(s))ds < 0

Integrating again, we have

z(t) =LY f le) f % jt uq(s) <[ggg3g](1 —p(s))y)

BV(G(S))dsdudv + z(t),

which contradicts (2.19).This completes the proof.

3. Examples
In this section we provide some examples to illustrate the main results.
Examples 3.1. Consider the neutral differential equation

(et ((x(t) + %x(t — 1))”)’ ++/2et max x(s) =0,t =1, (3.1)

[e-5¢]

By taking 6(t) = t + 1, one can easily verify that all conditions of Corollary 2.1
are satisfied, hence every solution of equation (3.1) is either oscillatory or tends to zero
monotonically.

Example 3.2. Consider the neutral differential equation
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<t2 ((x(t) +ox(t - 2))”)’ +t m[aix ]x§ (s)=0,¢>1. (3.2)

By taking § = 9/7 and § = 2t, it is easy to see that all conditions of Corollary
2.2 are satisfied and hence every solution of equation (3.2) is either oscillatory or tends
to zero monotonically.
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