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Abstarct 
 
 
In this paper, we study the oscillatory behaviour of a class of third-
order nonlinear delay differential equations with “maxima” 
 

(ݐ)ݔ)(ݐ)ܾ))(ݐ)ܽ) + ′(′(′((ݐ)߬)ݔ(ݐ)݌ + (ݐ)ݍ max[ఙ(௧),௧] ఊݔ (ݏ) =

0, ݐ ≥ ଴ݐ ≥ 0  (0.1) 
 

where ߛ is the ratio of odd positive integers. We establish sufficient 
conditions which guarantees that every solution of equation (0.1) is 
either oscillatory or converges to zero. These results extend some 
known results in the literature without “maxima”. Examples are given 
to illustrate the main results. 
AMS Subject Classification: 34K15. 
 
Keywords and Phrases: Oscillation, nonlinear, third-order, delay, 
differential equations with “maxima”. 

 
 

1. Introduction 
This paper concerned with the oscillation problem of third-order nonlinear delay 
differential equations with “maxima” of the from 
 
(ݐ)ݔ)(ݐ)ܾ))(ݐ)ܽ) + ′(′(′((ݐ)߬)ݔ(ݐ)݌ + (ݐ)ݍ max[ఙ(௧),௧] ఊݔ (ݏ) = 0, ݐ ≥ ଴ݐ ≥ 0  (1.1) 
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where ߛ is the ratio of odd positive integers. Throughout this paper, it is always 
assumed that: 

 ;is the odd positive integers ߛ (ଵܥ)
 

(ݐ)ݍ,(ݐ)݌,(ݐ)ܾ,(ݐ)ܽ (ଶܥ) ∈ ,0ݐ])ܥ  (ݐ)ܽ,(ܴ,(∞ >  0, (ݐ)ܾ >  0,  (ݐ)ݍ
 
> ≤ ݐ ݈݈ܽ ݎ݋݂ 0   ;0ݐ 

 
(ݐ)ߪ (ଷܥ) ∈ (ݐ)ߪ,(ܴ,(∞,଴ݐ])ܥ < ∞→is nondecreasing andlim௧ (ݐ)ߪ,ݐ (ݐ)ߪ =  ∞. 
 
Further, we will consider the following two cases 
 

∫ ௗ௧
௔(௧)

∞
௧బ

< ∞,∫ ௗ௧
௕(௧)

= ∞,∞
௧బ

  (1.2) 
 

and 
 

∫ ௗ௧
௔(௧)

∞
௧బ

< ∞,∫ ௗ௧
௕(௧)

< ∞.∞
௧బ

  (1.3) 
 
By a solution of equation (1.1), we mean a continuous function (ݐ)ݔ ∈

]൫ܥ ௑ܶ,∞)൯, ௫ܶ ≥ ] ଴ , which satisfies (1.1) onݐ  ௫ܶ ,∞). We consider only those solutions 
:|(ݐ)ݔ|} of (1.1) which satisfy sup (ݐ)ݔ ݐ ≥  ௫ܶ} > ≤ ݐ ݈݈ܽ ݎ݋݂ 0  ௫ܶ . A solution (ݐ)ݔ 
of equation (1.1) is called oscillatory if it has arbitrary large zeros on [ ௫ܶ ,∞),otherwise 
it is called nonoscillatory. A solution (ݐ)ݔ of equation (1.1) is said to be almost 
oscillatory if (ݐ)ݔ is either oscillatory or (ݐ)ݔ → 0 as ݐ →  ∞. 

In the last few years, the qualitative theory of differential equations with “maxima” 
received very little attention eventhough such equations often arise in the problem of 
automatic regulation of various real system, see for example [19, 21]. The oscillatory 
behaviour of solutions of differential equations with “maxima” are discussed in [9-13, 
17, 18], and the references cited therein. 

The are many results available in the literature on the oscillatory and asymptotic 
behaviour of third-order differential equations without “maxima” see for example [1, 
2, 7, 14, 16, 21], and the references cited therein. 

In [3], the present authors studied the oscillatory and asymptotic behaviour of 
solutions of equation (1.1) when ∫ ௗ௧

௔(௧)
∞
௧బ

< ∞,∫ ௗ௧
௕(௧)

= ∞.∞
௧బ

 Following this trend, in this 
paper we discussed the oscillatory behaviour of (1.1) when the condition (1.2) or (1.3) 
holds. 

In section 2, we obtain criteria for the almost oscillation of all solutions of equation 
(1.1) and in section 3, we present some examples to illustrate the main results. 

 
 



Oscillation of Third–Order Nonlinear Delay Differential Equations 27 

 

Remark 1.1. All functional inequalities consider in this paper assumed to hold 
eventually, that is they are satisfied for all t large enough. 

Remark 1.2. Without loss of generality we can deal only with the positive solution 
of equation (1.1), since the proof for the negative solution is similar. 

 
 

2. Oscillation Results 
In the following, we will establish some oscillation criteria for equation (1.1).To 
simplify our notation, let us denote 

(ݐ)ݖ = (ݐ)ݔ + (ݐ)ݕ,൯(ݐ)൫߬ݔ(ݐ)݌ = (ݐ)ݓ− = (ݐ)ܤ and ′((ݐ)′ݖ(ݐ)ܾ)(ݐ)ܽ− = ∫ ௗ௦
௕(௦)

∞
௧  

 
To obtain sufficient condition for the oscillation of solutions of equation (1.1), we 

need the following lemma.  
Lemma 2.1. Let (ݐ)ݔ be a positive solution of equation (1.1),and let the 

corresponding (ݐ)ݖ 
Satisfy (ݐ)ݖ  >  0, (ݐ)′ݖ  <  0, ′((ݐ)′ݖ(ݐ)ܾ) >  0, ′(((ݐ)′ݖ(ݐ)ܾ)(ݐ)ܽ) <  0 for 

all ݐ ≥ ଵݐ   ≥  ଴. Ifݐ 

න
1

(ݒ)ܾ

∞

௧బ
න

1
න(ݑ)ܽ ݒ݀ݑ݀ݏ݀(ݏ)ݍ

∞

௨
= ∞

∞

௩
, 

 
then lim௧→∞ (ݐ)ݔ = lim௧→∞ (ݐ)ݖ =  0 
The proof is similar to that of in [15] and hence the details are omitted . 
Theorem 2.1. Assume that there exist numbers ߙ ≥ ≤ ߚ,ߛ   and a function ߛ 

∋ ߜ -is non (ݐ)ߜ ,such that α, β are ratio of odd positive integers (ܴ,(∞,଴ݐ]) ܿ 
decreasing and (ݐ)ߜ> t. If the condition (2.1) and for all sufficiently large t1 ≥ t0 and for 
t2 ≥ t1, the first-order delay differential equation 

 

ݓ (ݐ)′ + ܿଵ
ఊିఈ(ݐ)ݍ ൬ max

[ఙ(௧),௧]
(1− ఊ൰((ݏ)݌ ቆ∫

∫ ೏ೠ
ೌ(ೠ)

ೞ
೟భ
௕(௦)

ఙ(௧)
௧మ

ቇ
ఈ

((ݐ)ߪ)ఈݓ = 0   (2.2) 

 
is oscillatory for all constants ܿଵ > 0, the first-differential equation  

 

ݕ (ݐ)′ − ܿଶ
ఊିఉ(ݐ)ݍ ൬ max

[ఙ(௧),௧]
(1− ∫ఊ൰ቀ((ݏ)݌ ௗ௦

௔(௦)
∞
ఋ(௧) ቁ

ఉ
ቀ∫ ௗ௦

௕(௦)
ఙ(௧)
௧భ

ቁ
ఊ
((ݐ)ߜ)ఉݕ = 0  (2.3) 

 
is oscillatory for all constants ܿଶ > 0, then every solution of equation (1.1) is almost 

oscillatory. 
Proof. Let (ݐ)ݔ be a nonoscillatory solution of equation (1.1). Without loss of 

generality we  
may assume that (ݐ)ݔ is positive , since the proof for the case negative is similar. 

Then thecorresponding function z(t) satisfies the following three possible cases: 
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Case(I) ݖ,0 < (ݐ)ݖ (ݐ)′ > 0 , ݖ(ݐ)ܾ) ′((ݐ)′ > 0 , ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ < 0 ; 
 
Case(II) ݖ,0 < (ݐ)ݖ (ݐ)′ > 0 , ݖ(ݐ)ܾ) ′((ݐ)′ < 0 , ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ < 0 ; 

and 
 

Case (III) ݖ,0 < (ݐ)ݖ (ݐ)′ < 0 , ݖ(ݐ)ܾ) ′((ݐ)′ > 0 , ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ < 0 , 
for all ݐ ≥ ଵݐ ≥  we have (ݐ)ݖ ଴.Assume that Case (I) holds .From the definition ofݐ

(ݐ)ݖ = (ݐ)ݔ +   ((ݐ)߬)ݔ(ݐ)݌
Or 

(ݐ)ݔ = −(ݐ)ݖ ((ݐ)߬)ݔ(ݐ)݌ ≥ (1 −  (2.4)  .(ݐ)ݖ((ݐ)݌
 
From the equation (1.1) and (2.4) we have 
 

ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ + ൬ (ݐ)ݍ max
[ఙ(௧),௧]

(1− ఊ൰((ݏ)݌ (ݐ)ఊݖ ≤  0 .  (2.5)  

 
Using (ܽ(ݐ)(ܾ(ݐ)ݖ ′(′((ݐ)′ < 0, we obtain 
 

ݖ(ݐ)ܾ (ݐ)′ ≥ න
ݖ(ݏ)ܾ)(ݏ)ܽ) ′((ݏ)′

(ݏ)ܽ

௧

௧భ

≤ ݏ݀  ݖ(ݐ)ܾ)(ݐ)ܽ)  ′((ݐ)′ න
ݏ݀
(ݏ)ܽ

௧

௧భ

. 

 
Dividing the last inequality by ܾ(ݐ) and then integrating from ݐଶ to t , we get 

(ݐ)ݖ   ≥ ݖ(ݐ)ܾ)(ݐ)ܽ)  ′((ݐ)′ ∫ ቆ
∫ ೏ೠ

ೌ(ೠ)
ೞ
೟భ
௕(௦)

ቇ݀ݏ௧
௧మ

.  (2.6) 

 
From (2.5) and fact that ݖ (ݐ)′ > 0 we see that there is constant ܿଵ > 0 such that 
 

ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ + ܿଵ
ఊିఈ(ݐ)ݍ ൬ max

[ఙ(௧),௧]
(1 − ఊ൰((ݏ)݌ ((ݐ)ߪ)ఈݖ ≤  0.  (2.7) 

 
Using (2.6) in (2.7) we obtain 

ݓ (ݐ)′ + ܿଵ
ఊିఈ(ݐ)ݍ ൬ max

[ఙ(௧),௧]
(1− ఊ൰൮න((ݏ)݌

∫ ݑ݀
(ݑ)ܽ

ఙ(௧)
௧భ

(ݏ)ܾ

ఙ(௧)

௧మ
൲ݏ݀

ఈ

((ݐ)ߪ)ఈݓ = 0. 

 
In view of theorem 2.1 of [20], the associated delay differential equation (2.2) also 

has a positive solution, which is a contradiction. Assume that Case (II) holds. 
Since ܽ(ݐ)(ܾ(ݐ)ݖ ′((ݐ)′ ≤ 0, we see that ܽ(ݐ)(ܾ(ݐ)ݖ  is decreasing .Then we get ′((ݐ)′

 
ݖ(ݏ)ܾ)(ݏ)ܽ ′((ݏ)′ ≤ ݖ(ݐ)ܾ)(ݐ)ܽ ≤ ݏ for , ′((ݐ)′ ≤ ݐ  .ଵݐ 
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Dividing the last inequality by ܽ(ݏ) and then integrating the resulting inequality 
from ݐ to ݈ we have 

ݖ(݈)ܾ ′(݈) ≤ ݖ(ݐ)ܾ (ݐ)′ + ݖ(ݐ)ܾ)(ݐ)ܽ ′((ݐ)′ ∫ ௗ௦
௔(௦)

௟
௧ .  

 
Letting ݐ → ∞ , we have  

ݖ(ݐ)ܾ  (ݐ)′ ≤ ݖ(ݐ)ܾ)(ݐ)ܽ− ′((ݐ)′ ∫ ௗ௦
௔(௦)

௟
௧ .   (2.8) 

 
Using conditions 0 < (ݐ)ݖ and (ܾ(ݐ)ݖ ′((ݐ)′ ≤ 0, we have  
 

(ݐ)ݖ  ≥ ݖ(ݐ)ܾ ∫(ݐ)′ ௗ௦
௕(௦)

௧
௧భ

. (2.9) 
Thus, 

ቆ ௭(௧)

∫ ೏ೞ
 ್(ೞ)

೟
೟భ

ቇ
,

≤ 0.  (2.10) 

 
Combining (2.8) and (2.9) ,we have  
 

(ݐ)ݖ  ≥ ݖ(ݐ)ܾ)(ݐ)ܽ− ′((ݐ)′ ∫ ௗ௦
௔(௦)∫

ௗ௦
௕(௦)

௧
௧భ

∞
௧ .   (2.11) 

 
On the other hand, we have by (2.10) and (ݐ)ߜ ≥   that (ݐ)ߪ
 

((ݐ)ߪ)ఊݖ   ≥ ቆ
∫ ೏ೞ

 ್(ೞ)
഑(೟)
೟భ

∫ ೏ೞ
 ್(ೞ)

഑(೟)
೟భ

ቇ
ఊ

((ݐ)ߜ)ఊݖ = ቆ
∫ ೏ೞ

 ್(ೞ)
഑(೟)
೟భ

∫ ೏ೞ
 ್(ೞ)

഑(೟)
೟భ

ቇ
ఊ

 ൯.  (2.12)(ݐ)ߜఊିఉ൫ݖ(ݐ)ߜ)ఊݖ

 
By (2.9), there exists a constant ܿଶ  such that (ݐ) ≤ ܿଶ ∫

ௗ௦
௕(௦)

௧
௧భ

. By (2.12), we get 
 

((ݐ)ߪ)ఊݖ  ≥ ܿଶ
ఊିఉ ቆ

∫ ೏ೞ
 ್(ೞ)

഑(೟)
೟భ

∫ ೏ೞ
 ್(ೞ)

഑(೟)
೟భ

ቇ
ఊ

∫ቀ((ݐ)ߜ)ఉݖ ௗ௦
௕(௦)

ఋ(௧)
௧భ

ቁ
ఊିఉ

  

 

=  cଶ
γିβ ቀ∫ ୢୱ

ୠ(ୱ)
δ(୲)
୲భ

ቁ
ିβ
ቀ∫ ୢୱ

ୠ(ୱ)
σ(୲)
୲భ

ቁ
γ

zβ൫σ(t)൯.   (2.13) 
 
Combining (2.11) and (2.13) ,we obtain 
 

((ݐ)ߪ)ఊݖ   ≥ cଶ
γିβ ቀ∫ ୢୱ

ୟ(ୱ)
δ(୲)
୲భ

ቁ
ିβ
ቀ∫ ୢୱ

ୠ(ୱ)
σ(୲)
୲భ

ቁ
γ

 ఉ.  (2.14)(((ݐ)ߜ)ݓ−)
 
Using (2.14) and (2.5) ,we have  
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ݓ (ݐ)′ + ܿଶ
ఊିఉ(ݐ)ݍ ൬ max

[ఙ(௧),௧]
(1

− ఊቁቆන((ݏ)݌
ݏ݀
(ݏ)ܽ

∞

ఋ(௧)
ቇ
ఉ

ቌන
ds

b(s)

σ(୲)

୲భ

ቍ

γ

൫−((ݐ)ߜ)ݓఉ൯ ≤ 0. 

or 

ݕ (ݐ)′ − ܿଶ
ఊିఉ(ݐ)ݍ ൬ max

[ఙ(௧),௧]
(1 − ∫ఊ൰ቀ((ݏ)݌ ௗ௦

௔(௦)
∞
ఋ(௧) ቁ

ఉ
ቀ∫ ୢୱ

ୠ(ୱ)
σ(୲)
୲భ

ቁ
γ
൯(ݐ)ߜఉ൫ݕ ≥ 0.(2.15) 

 
W(e deduce from Lemma 2.3 of [7], the associated advanced differential equation 

(2.3) also has a positive solution, which is a contradiction. Next assume that Case (III) 
holds. Then by Lemma 2.1, we have lim௧→∞ (ݐ)ݔ =  0. This completes the proof.  

Corollary 2.1. Let γ =1. Assume that there exist a function ߜ ∈ ܿ([t଴, ∞),ܴ) such 
that (ݐ)ߜ 

is nondecreasing (ݐ)ߜ >   If (2.1) .ݐ
 
and for all sufficiently large tଵ ≥ t଴ and tଶ > tଵ,  

 

lim
௧→∞

݂݅݊ ∫ ቆ(ݏ)ݍ max
[ఙ(௦),௦]

(1− ∫ቇ(ݏ)݌ ቆ
∫ ೏ೠ

 ೌ(ೠ)
ೡ
೟భ
௕(௩)

ቇ݀ݏ݀ݒσ(୲)
୲మ

௧
ఙ(௧) > ଵ

௘
 , (2.16) 

 

lim
௧→∞

݂݅݊ ∫ ቆ(ݏ)ݍ max
[ఙ(௦),௦]

(1− ∫ቇ(ݏ)݌ ቀ ௗ௨
௔(௨)

ቁ∫ ቀ ௗ௨
௕(௨)

ቁఙ(௦)
୲భ

∞
ఋ(௦)

ఋ(௧)
௧ > ଵ

௘
 ,   (2.17) 

 
Then the equation (1.1) is almost oscillatory. 

 
Proof.Let = ߚ = γ = 1 , then we have 

ݓ (ݐ)′ + ቆ(ݐ)ݍ max
[ఙ(௧),௧]

(1 − ቇ(ݏ)݌ න ൮
∫ ݑ݀

(ݑ)ܽ 
௦
௧భ

(ݏ)ܾ ൲((ݐ)ߪ)ݓ

σ(୲)

୲మ

= 0 ܽ݊݀  

 

ݕ (ݐ)′ − ቆ(ݐ)ݍ max
[ఙ(௧),௧]

(1− ቇ(ݏ)݌ න ൬
ݏ݀
൰(ݏ)ܽ න ൬

ݏ݀
൰(ݏ)ܾ

ఙ(௧)

୲భ

∞

ఋ(௧)

൯(ݐ)ߜ൫ݕ  = 0,  

 
respectively. Applications of Theorem 2.1 with Lemma 2.1 of [16], we obtain the 

desired result. This completes the proof.  
 
Corollary 2.2. Let γ< 1.Assume that there exist a function 

ߚ > ߜ ݊݋݅ݐܿ݊ݑ݂ ܽ ݀݊ܽ 1 ∈ 
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ܿ([t଴, ∞),ܴ)such that ߚ is the ratio of odd positive integers (ݐ)ߜ is nondecreasing 
and  

(ݐ)ߜ > If (2.1) and for all sufficiently large tଵ .ݐ ≥ t଴ and tଷ > tଶ > tଵ, and 
 

∫ (ݐ)ݍ ൬ max
[ఙ(௧),௧]

(1 − ∫ఊ൰ቆ((ݏ)݌
∫ ೏ೠ

ೌ(ೠ)
ೞ
೟భ
௕(௦)

ఙ(௧)
௧మ

ቇݏ݀ 
ఊ

ݐ݀ = ∞∞
୲య

,  (2.18) 

and  

∫ (ݐ)ݍ ൬ max
[ఙ(௧),௧]

(1− ఊ൰((ݏ)݌ ቀ∫ ௗ௦
௔(௦)

∞
ఋ(௧) ቁ

ఉ
ቀ∫ ୢୱ

ୠ(ୱ)
σ(୲)
୲భ

ቁ
γ
ݐ݀ = ∞∞

୲మ
,  

 
then every solution of equation (1.1) is almost oscillatory. 
Proof. Let α = γ. Applications of Theorem 2.1 with Lemma 2.1 of [17], we obtain 

the desired result. This completes proof. 
Corollary 2.3. Let γ = 1 ܽ݊݀ ߪ ∈ ܿ ′([t଴, ∞),ܴ). Assume that there exist functions 

ξ , ߜ ∈ ܿ ′([t଴, ∞),ܴ) such that ξ(t) > t , ξ(t) is nondecreasing , (ݐ)ߪ,(ξ(ξ(t))) < , ݐ  (ݐ)ߜ
is nondecreasing and δ(t) > t. Suppose also there exists a function φ ∈ ܿ ′([t଴, ∞),ܴ) 
such that ߮′(ݐ) > 0, lim

௧→∞
 φ(t) =  ∞. If (2.1) and 

 
lim
௧→∞

sup ఝ′(ఙ(௧))(ఙ′(௧))
ఝ′(௧)

≤ 1,  
 

lim
௧→∞

݂݅݊
ቀ భ
್(೟)∫

భ
ೌ(౩మ)∫ ௤(ୱభ)ௗୱభௗୱమ

ξ(౩మ)
౩మ

ξ(౪)
೟ ቁ

ఝ′(௧)
݁ିφ(୲)> 0.  

 
If for all sufficiently large tଵ ≥ t଴ and tଷ > tଶ > tଵ, 
 

∫ (ݐ)ݍ ൬ max
[ఙ(௧),௧]

(1− ఊ൰((ݏ)݌ ቀ∫ ௗ௦
௔(௦)

∞
ఋ(௧) ቁ

ఉ
ቀ∫ ୢୱ

ୠ(ୱ)
σ(୲)
୲భ

ቁ
γ
ݐ݀ = ∞∞

୲మ
, 

 
then every solution of equation (1.1) is almost oscillatory. 
Proof.Let =  Applications of Theorem 2.1 with Lemma 2.1 of [17], we obtain . ߛ 

the desired result. This completes proof.  
Theorem 2.2. Let all conditions of Theorem 2.1 hold with (1.2) replaced by (1.3). 

If 

∫ ଵ
௕(௩)∫

ଵ
௔(௨)

௩
௧బ

∞
୲బ

∫ ௨(ݏ)ݍ
୲బ

൬ max
[ఙ(௧),௧]

(1 − ݒ݀ݑ݀ݏ൯݀(ݏ)ߪγ൫ܤఊ൰((ݏ)݌ =  ∞,  (2.19) 

 
then every solution of equation (1.1) is almost oscillatory.  
 
Proof. Suppose (ݐ)ݔ be a nonoscillatory solution of equation (1.1).  
Without loss of generality that (ݐ)ݔ is positive.Then there exists four possible 

Cases(I),(II),(III) (as those of Theorem 2..1 ), andCase(IV) 
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ݖ,0 <(ݐ)ݖ (ݐ)′ < 0 , ݖ(ݐ)ܾ) ′((ݐ)′ < 0 , ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ < 0 , 
 

fort ≥ tଵ , where tଵ ≥ t଴ is large enough. From the proof of Theorem 2.1, we can 
eliminate Cases (I),(II) and (III). Consider now the Case (IV). Since , ݖ(ݐ)ܾ) ′((ݐ)′ ≤ 0 , 
we get 

 
ݖ (ݏ)′ ≥ ௕(௧)௭ ′(௧)

௕(௦)
 for s≥ t. 

 
Integrating this inequality from t to ℓ and letting ℓ → ∞ implies that  

(ݐ)ݖ ≥ ݖ(ݐ)ܾ(ݐ)ܤ− (ݐ)′ ≥   (ݐ)ܤܮ
 
for some constants ܮ >  0.From equation(2.3) we have,  
 

ݖ(ݐ)ܾ)(ݐ)ܽ) ′(′((ݐ)′ + ఊܮ න (ݐ)ݍ
௨

୲భ
൬ max

[ఙ(௧),௧]
(1− ݏ൯݀(ݏ)ߪγ൫ܤఊ൰((ݏ)݌ ≤  0 

 
Integrating again, we have 
 

ݖ (ݐ)′ ≥ ఊܮ න
1

(ݒ)ܾ න
1

(ݑ)ܽ

௩

௧భ

௧

୲భ

න (ݏ)ݍ
௨

୲భ
൬ max

[ఙ(௧),௧]
(1 −  ఊ൰((ݏ)݌

 
ݒ݀ݑ݀ݏ൯݀(ݏ)ߪγ൫ܤ +   ,(ݐ)ݖ

 
which contradicts (2.19).This completes the proof. 
 
 

3. Examples 
In this section we provide some examples to illustrate the main results. 
Examples 3.1. Consider the neutral differential equation 
 

൬݁௧ ቀ((ݐ)ݔ + ଵ
ଶ
ݐ)ݔ − 1)ቁ

′′
൰
′
+ √2 ݁௧ max

ቂ௧ିభఱమ ,௧ቃ
(ݏ)ݔ = 0, ݐ ≥ 1,  (3.1) 

 
By taking (ݐ)ߜ  = + ݐ   1, one can easily verify that all conditions of Corollary 2.1 

are satisfied, hence every solution of equation (3.1) is either oscillatory or tends to zero 
monotonically.  

Example 3.2. Consider the neutral differential equation 
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൬ݐଶ ቀ((ݐ)ݔ + ଵ
ଷ
ݐ)ݔ − 2)ቁ

′′
൰
′
 + ݔ max ݐ

భ
య

ቂ ೟ఴ  ,௧ቃ
(ݏ) = 0, ݐ ≥ 1.  (3.2) 

 
By taking ߚ =  9/7 and ߜ =  it is easy to see that all conditions of Corollary ,ݐ2 

2.2 are satisfied and hence every solution of equation (3.2) is either oscillatory or tends 
to zero monotonically.  
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