
Advances in Applied Mathematical Biosciences. 
ISSN 2248-9983 Volume 3, Number 1 (2012), pp. 11-16 
© International Research Publication House 
http://www.irphouse.com 

 

 
 

Estimation of Expected Time for Antigenic Diversity 
to Cross the Threshold in HIV Infection 

 
 

R.M. Palanivel*, P. Pandiyan and R. Sathiyamoorthy 
 

Department of Statistics, Annamalai University, Annamalai Nager-608 002, India 
E-mail: statpalani@gmail.com 

 
 

Abstract 
 

Antigenic diversity is an important aspect in the progression of HIV infection. 
Several authors have studied the antigenic diversity in HIV infected. Nowak 
and May (1991) have studied the mathematical biology of HIV infection with 
particular reference to antigenic diversity. Nowak et al., (1991) have studied 
the impact of antigenic diversity threshold in the progression of AIDS. As and 
when the total antigenic diversity crosses the so called threshold level, the 
seroconversion takes place. The estimation of time to cross the antigenic 
diversity threshold is very useful in the prediction of the expected time to 
seroconversion. In this paper the expected time to seroconversion is estimated 
by using the shock model approach. The Shock model approach and 
cumulative damage process have been studied by Esary et al., (1973). In 
estimating the time for the antigenic diversity to cross the threshold, it is 
assumed that the threshold follows the first order statistic. Numerical 
illustration is also provided. 
 
Keywords: Shock model Approach, Cumulative damage process, Antigenic 
Diversity  

 
 
Introduction 
Research studies relating to HIV infection, its progression and AIDS are considered to 
be very important now-a-days due to the fact that the spread of HIV is terribly on the 
increase all over the world. The cure for this pandemic is not yet available. Research 
is going on in different aspects of this problem. Medical research is not only on 
finding the cure of the epidemic but also to arrest the progression of the same. 
Mathematicians and statisticians focus their attention on different aspects such as the 
rate of growth of the infected over time, and on the rate of progression of this 
epidemic over an infected person. It may be observed that the antigenic diversity of 
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the invading antigens namely HIV is a matter of great interest. Several authors have 
studied the different aspects of antigenic diversity. Nowak and May (1991) have 
discussed the effect of antigenic variation in the HIV infection and spread. Stilianakis 
et al., (1994) have discussed a model related to antigenic diversity threshold. 
Krischner et al., (2000) have discussed the cell population dynamics which changes 
due to what is called the ‘homing process’ and apoptosis of the CD4 cell in the human 
system. 
 The cumulative contribution to the antigenic diversity of the invading antigen in 
successive contacts if exceeds a particular level called the antigenic diversity 
threshold, then the human immune system is unable to with stand and also unable to 
fight against the antigens. In this paper the expected time for the antigenic diversity to 
cross the threshold is found out. The variance for the same is also obtained. In doing 
so, it is assumed that the antigenic diversity threshold is a random variable which 
follows the distribution of the first order statistic. Similarly it follows the nth order 
statistic also. During the expression for the expected time to cross the threshold, the 
concept of shock model and cumulative damage process by Esary et al., (1973) is 
used. Numerical illustration is used to study the behavior of the expected time and its 
variance.  
 
 
Assumptions of the model 
The following are the assumptions used in this model 

1. There is a random amount of contribution to the antigenic diversity due to 
successive sexual contacts  

2. Sexual contacts are the only source of infection. 
3. There is a particular level of antigenic diversity called the threshold level. If 

the total contribution to antigenic diversity, due to successive contacts, 
exceeds the threshold level, then the seroconversion takes place. 

4. The interarrival times between successive contacts are i.i.d. random variables. 
5. The threshold and the contribution to antigenic diversity at random epochs due 

to sexual contacts are mutually independent. 
 
 
Notations 
Xi a random variable denoting the increase in the antigenic diversity 

arising due to the HIV transmitted during the ith contact.X1, X2, X3…,Xk 
are continuous i.i.d random variables,  with p.d.f g(.) and c.d.f.G(.). 

Y a random variable representing antigenic diversity threshold with p.d.f. 
h(.) 

Ui a continuous random variable denoting the interarrival time between 
successive contacts with p.d.f.f(.) and c.d. f. F(.) 

gk (.) the p.d.f of random variable ∑ ܺ௜
௞
௜ୀଵ  

Fk (.) the k convolution of F(.) 
l*(s) is the Laplace transform of l (t) 
f**(s) is the Laplace transform of f (t) 
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Results 
It can be shown that 

ܲ ൥෍ ܺ௜ ൏ ܻ
௞

௜ୀଵ

൩ ൌ න ݃௞ሺݔሻܪሺݔሻതതതതതതത݀ݔ
ஶ

଴

 

 
 Where ܪഥ(x) = 1-H(x) 
 If the random variable Y follows exponential distribution with parameter θ 
 Then hሺݐሻ ൌ ሻݐሺܪ ݀݊ܽ ௧ఏି݁ߠ ൌ 1 െ ݁௧ఏ 
 
 Let Y1, Y2, Y3…, Yn be a random sample of observations on Y. Arranging the 
values in increasing order of magnitude we get  
  ሺܻଵሻ  ൑  ሺܻଶሻ  ൑  … , ൑  ሺܻ௡ሻ 
 
The p.d.f of the first order statistics Y(1) is  
݄ሺଵሻሺݐሻ ൌ ݊ሾ1 െ ሻݐሻ௡ିଵ݄ሺݐሺܪ  ൌ ௧ఏ൧௡ି݁ൣߠ݊

 

ܲሾ෍ ݅ݔ ൑ ሿݕ ൌ න ݃௞ሺݔሻܪሺݔሻതതതതതതത݀ݕ
ஶ

଴
 

 
݂݅ ܺ௜~exp ሺߣሻ Then ܺሺଵሻ ൅  ܺሺଶሻ ൅ ,ሺ௞ሻ is ݃ܽ݉݉ܽሺ݇ܺ ڮ   ሻߣ

 
Now the threshold random variable Y follows first order statistics 
݄ሺଵሻሺݐሻ ൌ ௧ఏ൧௡ି݁ൣߠ݊

 

ሻݔሺଵሻሺܪ ൌ න ݐ௧ఏ൧௡݀ି݁ൣߠ݊
௫

଴
 ൌ 1 െ ݁ି௡௫ఏ 

׵ ሻതതതതതതതതതതݔሺଵሻሺܪ  ൌ ݁ି௡௫ఏ  

ܲ ቂ෍ ܺ௜ ൏ ܻቃ ൌ න ݃௞

ஶ

଴
ሺݔሻܪሺଵሻሺݔሻതതതതതതതതതത 

ൌ න ݃௞ሺݔሻ݁ି௡ఏ௫݀ݔ
ஶ

଴
 ൌ ሾ݃כሺ݊ߠሻሿ௞ 

 
And since Xi, i=1,2…K are i.i.d. 

ܵሺݐሻ ൌ ෍ሾܨ௞ሺݐሻ െ ሻሿܲݐ௞ାଵሺܨ ൥෍ ܺ௜ ൏ ܻ
௞

௜ୀଵ

൩
ஶ

௞ୀ଴

 ൌ  ෍ሾܨ௞ሺݐሻ െ ሻሿ௞ߠሺ݊כሻሿ ሾ݃ݐ௞ାଵሺܨ
ஶ

௞ୀ଴

 

ሺܶሻܮ ൌ 1 െ ܵሺݐሻ  

ሻݐሺܮ ൌ 1 െ ෍ሾܨ௞ሺݐሻ െ ሻሿ௞ߠሺ݊כሻሿ ሾ݃ݐ௞ାଵሺܨ
ஶ

௞ୀ଴

 

 ൌ ሾ1 െ ሻሿ ෍ߠሺ݊כ݃  ݊݋ ሻሿ௞ିଵߠሺ݊כሻሾ݃ݐ௞ሺܨ
ஶ

௞ୀଵ

Simpliϐication 
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ሻݏሺכ݈  ൌ ሾ1 െ ሻሿ ෍ߠሺ݊כ݃ ௞ܨ
ሻሿ௞ିଵߠሺ݊כሻሾ݃ݏሺכ

ஶ

௞ୀଵ

 

ൌ ሾଵି௚כሺ௡ఏሻሿ ௙כሺ௦ሻ
ሾଵି௙כሺ௦ሻ௚כሺ௡ఏሻሿ  On Simpliϐication  (1) 

 
Since g(.) ~ expሺߣሻ  ݃כሺ݊ߠሻ ൌ ఒ

௡ఏାఒ
 

.ሺ݂ ݐ݈݁ ሻ ~exp ሺߤሻ ݂כሺݏሻ ൌ
ߤ

ߤ ൅  ݏ

 
Subsisting in (1) we get  

ሻݏሺכ݈ ൌ
ቂ1 െ ߣ

ߣ ൅ ቃ ቀߠ݊ ߤ
ߤ ൅ ቁݏ

ቂ1 െ ߤ
ߤ ൅ ߣ ݏ

ߣ  ൅ ቃߠ݊
 

ሻݏሺכ݈ ൌ ቈ1 ൅
ߣሺݏ ൅ ሻߠ݊

ߠߤ݊ ቉
ିଵ

 

 
Now, ܧሺܶሻ ൌ ିௗ௟כሺ௦ሻ

ௗ௦
ቚ

௦ୀ଴
 

 ൌ ൬
ߣ ൅ ߠ݊

ߠߤ݊ ൰ 

ሺܶଶሻܧ ൌ
2ሺߣ ൅ ሻଶߠ݊

ሺ݊ߠߤሻଶ  

 
Hence, V (T) = E (T2) – [E (T)] 2 

ܸሺܶሻ ൌ
2ሺߣ ൅ ሻଶߠ݊

ሺ݊ߠߤሻଶ െ ൬
ߣ ൅ ߠ݊

ߠߤ݊ ൰
ଶ

׵  ܸሺܶሻ ൌ ൬
ߣ ൅ ߠ݊

ߠߤ݊ ൰
ଶ

 

 
 
Numerical Illustration 
Following numerical illustrations are taken up to study the changes in E (T) and V 
(T). The behavior of the values of E (T) and V (T) are observed by the variations in 
the different parameters of the distributions of the random variables involved in this 
model. 
 
 
Conclusion 
If the value of μ increases, when all the other parameters kept fixed it is seen that E 
(T) and also V (T) both decrease and it is due to the fact that the inter-arrival times 
between successive contacts follow exponential distribution with parameter ‘μ’ 
Therefore E (U) = 1/μ hence if ‘μ’ increases E (U) decreases which means that the 
inter-arrival times are shorter, Therefore, more number of contacts are possible and 
hence there is a good deal of contribution to antigenic diversity. Therefore E (T) 
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decreases which means that the antigenic diversity threshold will be crossed earlier, 
which is shown in figure (1). 
 If ‘λ’ which is the parameter of the exponential distribution of random variable 
‘X’ which denotes that the magnitude contribution to antigenic diversity in the 
successive contacts increases then E (U) = 1/λ decreases. Therefore it takes more time 
to cross the threshold and it has been indicated in the corresponding figure (2)  
 If ‘θ’ which is the parameter of the threshold Y increases, then EሺUሻ ൌ1/θ 
decreases. Therefore the threshold becomes smaller and, E (T) decreases. A similar 
behavior is noted for V (T) also and it has been indicated in figure (3). 
 If the value of ‘n’ which denotes the number of observations in the sample 
increases, then the value of Y (n) also increases. Therefore it implies the increase in the 
threshold value. Therefore E (T) the time to cross threshold shows a decrease. 
Similarly V (T) also decreases but the decrease in both E (T) and V (T) is only 
marginal. This has been indicated in the corresponding figure (4).  

 
 

   
 

Figure 1                                       Figure 2 
 

   
 

Figure 3                          Figure 4 
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